ABSTRACT SYMMETRIC BOUNDARY CONDITIONS*

BY
J. W. CALKIN

The topic discussed here belongs to the theory of linear transformations
in Hilbert space and presupposes on the part of the reader a fairly thorough
knowledge of certain portions of that subject. The following material is at
most only slightly more than the minimum prerequisite: M. H. Stone, Linear
Transformations in Hilbert Space and their Applications to Analysis, Ameri-
can Mathematical Society Colloquium Publications, vol. 15, New York, 1932,
chaps. 1-5, and chap. 9, §§1, 2, or the various writings of J. von Neumann
dealing with the same or related aspects of the theory; J. von Neumann,
Uber adjungierte Operatoren, Annals of Mathematics, (2), vol. 33 (1932), pp.
294-310; F. J. Murray, Linear transformations between Hilbert spaces and the
application of this theory to linear partial differential equations, these Transac-
tions, vol. 37 (1935), pp. 301-338, §§1-5 only.

I wish here to acknowledge my indebtedness to M. H. Stone who not only
suggested the thesis indicated above, but has also made an extremely valu-
able contribution to the present work. Thanks are due also to J. von Neu-
mann, with whom the author has had several fruitful conversations concern-
ing the theory here developed. More precise acknowledgments are made in
the course of the paper.

INTRODUCTION

1. The nature and applications of the subject. The basic concept of the
present paper is embodied in a definition (Definition 1.1) which leads to a
formula associated with a certain type of transformation T in Hilbert space,
analogous to the so-called “fundamental formula” associated with a differ-
ential operator coincident with its formal adjoint.f We are thus able to in-
troduce an abstract definition of linear boundary conditions associated with
the equation Tf —\f=¢, and to study the properties of such boundary condi-
tions.

* Presented (in part) to the Society, February 26, 1938; received by the editors July 21, 1938.

Several of the theorems of Chapters III and IV are abstract formulations of results which ap-
peared in the writer’s doctoral thesis, A pplications of the Theory of Hilbert Space to Partial Differential
Equations, Harvard, 1937 (see abstracts 43-3-114, 43-3-209, Bulletin of the American Mathematical
Society.

1'}\'7Ve use the term “fundamental formula” in the sense of Hadamard, Lectures on Cauchy’s Prob-

lem in Linear Partial Differential Equations, New Haven, 1923, pp. 58—69; for an ordinary differential
operator, the fundamental formula is the familiar Lagrange identity.
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In this formulation, the boundary condition is regarded as defining a sub-
set of the domain of T and thus a contraction of the transformation T (that
is, a transformation S such that S € T"). The main problem which we consider
is the determination of those boundary conditions which define self-adjoint
and maximal symmetric contractions of T.

The entities introduced in the fundamental definition are realizable in
terms of a wide variety of differential operators, both ordinary and partial.
In terms of such realizations, the abstract boundary conditions which we con-
sider include the familiar self-adjoint boundary conditions of the classical
theory of differential equations. Applied to a differential operator our results
serve to characterize a wide class of differential systems for which a unique
spectral form exists.

Apart from the introduction, the paper is divided into four chapters. In
Chapter I the fundamental definitions are introduced and a few simple but
basic theorems established. Here also examples from the field of differential
operators are given. The chapter concludes with a precise statement of the
important problems to be considered. In Chapter II, manifolds possessing a
kind of symmetry, including as special cases manifolds which appear as the
graphs of symmetric transformations, are studied in detail. In Chapter III,
the situation postulated in Definition 1.1 which gives rise to the “funda-
mental formula” for an operator T is thoroughly analyzed. In Chapter IV,
the results of Chapters II and III are applied to the solution of the problems
stated at the end of Chapter I.

A fifth chapter dealing with the applications of the theory to certain types
of differential operators was originally planned but is not included; applica-
tions will be considered in subsequent papers.

For the convenience of the reader, a detailed table of contents appears
at the end of the introduction.

2. Notation, terminology, and conventions. Except for minor modifica-
tion and additions, we use the notation and terminology of M. H. Stone.*

We take occasion here to point out the following notations which we em-
ploy systematically arid which are not entirely standardized: © for a unitary
space with dimension number zero and especially for the subspace with di-
mension number zero of any space under consideration; ®(T) and R(7T) for
the domain and range, respectively, of a transformation T'; T9 for the set in
the range of T into which 7T takes the set R in its domain. We reserve the
letter E for the designation of projections, and denote a projection with range

* Linear Transformations in Hilbert Space and Their Applications to Analysis. All citations of
Stone in the sequel refer to this book.
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N by Eg. We find it convenient also to adopt the topological notation N for
the closure of the set . Since we use this notation only where % is a linear
manifold, R is precisely the closed linear manifold determined by 9.

We employ extensively the concept of the graph of a transformation. The
graph of a transformation 7 with domain in a Hilbert space $; and range
in a Hilbert space 9, is the manifold of vectors {f, Tf} in the space $:D9,;
in particular, $; and $. may be identical.f We also admit the possibility that
either 9 or 9. is a unitary space. Except where otherwise indicated, we de-
note the graph of a transformation T by the symbol 8(T). We recall that
B(T) is a closed linear manifold if and only if T is a closed linear transforma-
tion; and that, if T* exists, (D D) ©B(T) is the linear manifold of vectors
(1%, —f}.

At various points we must discuss questions involving a space which may
be either a Hilbert space or a unitary space—that is, a separable complex
Euclidean space—, and we use the terminology ordinarily associated with the
theory of transformations in Hilbert space to cover both cases. This neces-
sitates our taking the definitions of various types of transformations in
Hilbert space as definitions of transformations in unitary space also. In many
cases the distinctions which these definitions set up for transformations in
Hilbert space are vacuous for transformations in a space with finite dimension
number. For example, in a unitary space, every linear transformation is
bounded, every linear symmetric transformation is self-adjoint, every maxi-
mal isometric transformation is unitary. These facts, however, are all well
known and in many cases self-evident. We do not, therefore, make explicit
comment at every point in the sequel where specialization to the case of
unitary space makes modification of the exposition possible.

Although we have occasion to discuss mathematical relations involving
several inner products, not all formed in the same space, we use the same
notation, namely (, ), for all inner products under consideration and state in
which space each is formed only when the context fails to make it clear.

In discussing the orthogonal sum, § =9 DH:D - - - ®H,, of a finite col-
lection of spaces, we find it convenient to use the notation $; to mean, as
well as the space 9, itself, that manifold of vectors in § whose compo-
nents in 9;, (j#=%), are all zero. More generally, if 9t denotes a manifold
in $i, 9%, ® - - - ®Dx,,, (m <n), we shall on occasion use the symbol M also
to mean that manifold in $ whose projection on -, D, ® - - - DHs,, is M

1 The notion of the graph for the case $; =9, is due to J. von Neumann, Annals of Mathematics,
(2), vol. 33 (1932), pp. 294-310; especially p. 299. The more general definition was introduced by
F. J. Murray, these Transactions, vol. 37 (1935), pp. 301-338; especially pp. 302-303. All future
citations of Murray refer to this paper.
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and whose projection on §;, (j#k, ks, - - - , km), is zero. However, when there
is danger of ambiguity, we use a different convention. Thus, if the space
under consideration is  ®$ and I is a manifold in $, we shall use the nota-
tion M+O to denote the manifold of vectors {f, 0} in HH$ such that f is
in M.
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CHAPTER I. FUNDAMENTAL CONCEPTS

1. Reduction operators. The basic notion of this paper, indicated roughly
in the introduction, we now state precisely.

DEFINITION 1.1. Let H be a closed linear transformation in a Hilbert space
D, and let H* exist. A transformation A with domain in the graph of H* and
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with range in o unitary or Hilbert space M is said to be a reduction operator for
H* if the following conditions are satisfied:

(1) A4 is closed, linear, and has domain dense in B(H*);

(2) there exists a unitary transformation W in M such that

OoHOMOB4)

is the set of all vectors { H*f, —f, WA {f, H*f}}.
The space M is called the range-space of A.}

It may be observed that Definition 1.1 can be modified as follows: The
condition that 4 be closed linear can be omitted from (1) and the condition
(2) can be stated in a form which does not require B(4) to be a closed linear
manifold. It can then be proved that 4 is necessarily closed and linear.

From Definition 1.1, we have at once the formula

1.1) (f, H*g) — (H*f, ) + (A{f, H*f}, WA{g, H*g}) = 0,

for all f and g in B(H*) such that A4 {f, H*f} and 4 {g, H*g} are defined. In
order to simplify the notation, we shall hereafter often write Af for 4 {f, H*f}.
Thus the abstract “Lagrange identity” (1.1) may be written

THEOREM 1.1. The transformation H is symmetric. The domain of A con-
tains the graph of H, and A {f, H*f} =0 if and only if f is in the domain of H.
Thus D(A) =B(H) if and only if H is self-adjoint.

Since H* exists and H is linear, H has domain dense in $.} Moreover,
since H is closed, H* has domain dense in §, and H** exists and is identically
H.S§

If A{f, H*f} =0, then {H*f, —f, 0} is in (S DS ®M)©B(4), by Defini-
tion 1.1, (2). Thus (g, H*) — (H*g, f) =0 for all {g, H*g} in D(4). Since
D(A4) is dense in B(H*), it follows from the identity H=H** that f is in
®(H) and that H*f=Hf. On the other hand, if f is in ©(H) it follows, again
from the identity H=H** that {Hf, —f, 0} is in (POHOM)OB(4).
Therefore {f, Hf} is in ©(4) and A4{f, Hf} =0. Thus D(4)2B(H) and
AB(H) =9. Moreover, since B(H*) 2D(4), we have B(H*) 28(H). Hence
H*> H, and, since D(H) determines , H is symmetric.

Finally, since D(4) is dense in B(H*) and H is closed, the equations

t Compare our previous definition, Proceedings of the National Academy of Sciences, vol. 24
(1938), pp. 3842, Definition 1. That the requirement W2-4I=0 is unnecessary was pointed dut to
us by J. von Neumann (cf. Theorem 1.2 below).

} Stone, Theorem 2.6.

§ Von Neumann, loc. cit., Theorem 2.
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D(A) =B(H) and B(H*) =B(H) are clearly coextensive. Hence the identities
A =0and H*=H are also.

THEOREM 1.2. The range of A is dense in M, and W satisfies the identity
W2*+I1=0.

Since 4 is linear, R(A) is a linear manifold and is therefore dense in I
if and only if MOR(4) =9O. To establish the latter identity we have only to
observe that if 2 belongs to MOR(A4), then

(f,0) — (H*f,0) + (Af, k) = 0

for all {f, H*f} in D(4), whence it follows that k=WA4 {0, 0} =0.
To prove the second assertion of the theorem we set g=f in the identity
(1.2) to obtain

(f, B*) — (H*f, ) = — (Af, WAf).
Taking the complex conjugate of both members of this equation, we have
(H*, /) — (f, B*) = — (WA{, Af).

Thus, for %z in R(A4), we obtain by addition of the two preceding equations
the relation (Wh, k)+(h, Wh) =0. Moreover, since W is unitary, (k, Wk)
=(W='h, k) and thus (Wh, h)+(W—h, k) =0 for all % in R(4). Hence, since
W and W-! are bounded and R(4) =, we have (Wh+W=%, k) =0 for all &
in M. But W+ W1 is self-adjoint; therefore the result just obtained implies
that its bound is zero. Consequently W+W-1=0% or W24+I1=0, as we
wished to prove.

THEOREM 1.3. Let A be a reduction operator for H*, and let T be an arbitrary
bounded self-adjoint transformation in . Let C be the transformation which has
as its domain the set of elements {f, (H*+T)f} of B(H*+T) such that {f, H*f}
is in D(A), and which takes {f, (H*+T)f} into A{f, H*f}. Then C is a re-
duction operator for H*+T.

To prove that C is a reduction operator for H*+T, we seek all elements

{g* g h} of OH ®M such that

(f, g% — ((H*+ D)f, 8) + (Af, k) = 0
for all {f, H*f} in D(4). Since D(4) 2B(H) and AB(H)=9O, the identity
(H+T)*=H*+T, which holds by virtue of the fact that 7" is bounded, im-
plies that g is in D(H*) =D(H*+T) and that g*= (H*+T)g. Hence, since T
is self-adjoint, {g*, g, &} satisfies the above equation for all {f, H*f} in ©(4)
if and only if

t Stone, Theorem 2.22.
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(fr H*g) - (H*f) g) + (Af, h) =0

for all such {f, H*f}. But the latter condition is satisfied if and only if
h=WAg. Thus, in view of the remark following Definition 1.1 we conclude
that C is a reduction operator for H*+T.

To reveal more clearly the significance of Definition 1.1, we give now some
concrete examples of reduction operators.

ExaMmpLE 1. § is the space :(a, b) where a<x=<b is a finite interval of
the real axis. H* is the transformation which takes f into if’ and has for its
domain D* the set of all elements f of 2:(a, b) which are absolutely continuous
on e<x<band such that /] |f’|2dx < «. The operator H is the contraction of
H* whose domain D is the set of all elements in ®* which vanish at ¢ and b.
The space I is a two-dimensional unitary space, and 4 is the transformation
which takes {f, H*f} into the point of M with coordinates (f(8), f(a)); W is
the transformation which takes the point (c, d) in M into (ic, —id). Here the
formula (1.1) is the formula of Lagrange,

L b _ . o
[ igax - [ ipza + 10%0) - 105@ = o.

ExaMPLE 2. 9 is the same as in Example 1; the domain D* of H* is the
set of all elements f of %(a, b) such that f and f” are absolutely continuous on
asx=<b and [|f"|%dx is finite; H*f=f". The domain D of H consists of
those and only those elements g of D* such that g(a) =g(b) =g’(a) =g’(b) =0;
Hg=g"". The space It is a four-dimensional unitary space;

A{f, BY} = {f0), 1), f'(@), — F'(B)}.

The transformation W takes (4, &, I, m) into (m, I, —k, —h) and the formula
(1.1) is '

b b
[ s = [ e - 1070 + 1@ — 165@ + @O = o.

ExaAMPLE 3.  is the space &(E) where E is the set in the (x, y)-plane
bounded by the lines x=a, x=5, y=¢, y=d, a <b, ¢ <d. The domain D* of H*
is the set of all elements f(x, y) of %(E) which are absolutely continuous on
a=<x =<bfor almost all y on ¢ <y <d and for which [z|f.|%dE is finite; H*f =1f..
The domain D of H is the set of all elements g of D* such that lim...g(x, y)
=lim,_sg(x, ) =0 for almost all y on ¢ <y <d; Hg=1g.. The space I is the
space (¢, d) ®%(c, d);

Af = {f0, 9), fla, n};  W{k(y), k(»)} = — i{h(y), — k()}.
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Here the formula (1.1) is

d d
ig.dE ~ | if.gdE — b, v)ig(b, y)d , ¥)ig(a, y)dy = 0,
fEﬂg fEtfg f 18, y)ig(d, y) y+fc f(a, y)ig(a, y)dy = 0

and is valid for all f and g in D*.

ExaMPLE 4. $ is the space (E) where E is the interior of the unit circle
in the (x, y)-plane. The domain ©* of H* is the set of all elements f of ¥(E)
with the following properties:

(a) f, f. are absolutely continuous in x on the closed intervals a<x<b,
y=Fk interior to E for almost all values of 2 on —1<y<1;f, f, are absolutely
continuous in ¥ on the closed intervals c £y <d, x =4, interior to E for almost
all valuesof Zon —1<x<1;

(b) The integrals

[1sbas, [ 1nlas, [ 1sulas, [ |fulas
S S S S

exist on every closed set S interior to E;
(¢) —V¥=—f..—fu is an element of &(E).
H* is the transformation with domain ©* which takes f into —V?. The
domain D of H is the subset of elements g of D* such that g=g,=g, =0 almost
everywhere on the boundary C of E. The space I is L:(C) ®L(C). The
domain of 4 is the set of all elements {f, H*f} of 8(H*) for which f(s) and
f/dn= —f.y'(s)+f,x’'(s), where s denotes arc length on C, are elements of
2(C);
Af = {f(s), — of/on}.

W is the transformation which takes {A(s), k(s)} into {k(s), —A(s)}. The
formula (1.1) is here the familiar identity of Green,

— [ s + [ gar — [ gogron-as+ [ ogjon-gas = .

Here the domain of 4 is not identically B(H*) as it is in each of the first three
examples.

In later papers we shall deal in some detail with applications of the theory
developed in the present memoir. Consequently we omit here proofs that
the examples just given are valid illustrations of the situation described in
Definition 1.1.

By means of Theorem 1.3, further examples are readily constructed from
the ones just given. In particular;in Theorem 1.3 if H* is a differential opera-
tor and T an integral operator, the sum H*+4T is an integro-differential oper-
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ator of a type previously studied from various points of view by many writers.

Before proceeding, we point out that it is possible to define a reduction
operator A on the graph of the adjoint of an arbitrary symmetric transforma-
tion H. A proof of this fact is given later (Theorem 2.9).

2. Linear boundary conditions. We introduce now a general definition of
linear boundary conditions which describes, in particular, all the linear self-
adjoint boundary conditions ordinarily considered in connection with the dif-
ferential operators of Examples 1-4.

DEFINITION 1.2. Let A be a reduction operator for H* with range-space M.
Let % be a linear manifold in M, and let D(N) be the set of elements f in the
domain of H* such that Af is defined and belongs to N. Then H(N) denotes the
contraction of H* with domain D(N) and Af € N is called the boundary condition
defining H(N). If the equation Af="h does not have a solution f for a dense set
of elements k in N, the boundary condition is said to be degenerate; otherwise it is
said to be nondegenerate.

THEOREM 1.4. The transformation H(N) of Definition 1.2 is a linear ex-
tension of H and H* 2 H*(N) 2 H(MOWN), where W has the same meaning as
in Definition 1.1. If T is an arbitrary linear extension of H such that
B(T) cD(4), then W=AB(T) is a linear manifold in M and T=H(N).

Since M is a linear manifold and A a linear transformation, the condition
Af ¢ M clearly describes a linear manifold of elements f of ©(H*). Thus, since
H* is linear, H(N) is also. Furthermore, since N is linear, it contains the ele-
ment 0 of M. Therefore, by Theorem 1.1, H(N)2 H, and -this implies
H* 2 H*(N). The relation H*(N) 2 H(MSWRN) is an immediate consequence
of Definition 1.2 and the identity (1.2).

If B(T)cD(A4), it follows at once, from the fact that B(7T) is a linear
manifold and A a linear transformation, that % =AB(7) is a linear manifold.
The relation T=H(N) is a consequence of Definition 1.2 and the hypothesis
B(T) €D(4).

3. The fundamental problem. We are primarily concerned here with those
transformations H () which are symmetric. In order to isolate the boundary
conditions Af £ M which define such extensions of H, we introduce the follow-
ing definition:

DerinitioN 1.3. If M is a unitary or Hilbert space and W is a unitary
transformation in M suck that W:+1=0, a linear manifold N in M is said
to be W-symmetric if WR € MSN.

THEOREM 1.5. If N is a linear W-symmetric manifold, the transformation
H(N) of Definition 1.2 is a linear symmetric extension of H. If S is a linear
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symmetric extension of H such that B(S) cD(A), then AB(S) is a linear W-
symmetric manifold in IMN.

Theorem 1.5 follows from Theorem 1.4 and the identity (1.2).
We can now state with some precision the twofold problem whose solution
is our primary object.

PrROBLEM. (1) To determine conditions on N necessary and sufficient for
H(N) to be maximal symmetric and conditions on N necessary and sufficient
for H(R) to be self-adjoint; (2) if D(A) =B(H*), to determine conditions on N
necessary and sufficient for H(RN) to be maximal symmetric and conditions nec-
essary and sufficient for H(R) to be self-adjoint.

We leave to the reader the interpretation in terms of Examples 14, and
in terms of others which he may construct, of the concepts introduced in this
section and the one preceding.}

CHAPTER II. W-SYMMETRIC MANIFOLDS

1. Isometric transformations. The present chapter is devoted almost en-
tirely to an analysis of the concept of W-symmetry introduced in Definition
1.3. This analysis is based on a simple correspondence between W-symmetric
manifolds and isometric transformations which is immediately suggested by
a well known correspondence between symmetric and isometric transforma-
tions,} and which has previously been described by O. Teichmiiller.§ Before
proceeding to the discussion of this correspondence, we state in a form
adapted to our special purposes certain facts concerning isometric trans-
formations.

DEFINITION 2.1. Let V be a closed isometric transformation from a space H1
to a space O: where each of the spaces 1, D: is either a unitary space or a Hilbert
space. Let m and n be, respectively, the dimension numbers of the manifolds
£:09(V) and :0R(V). Then the number pair (m, n) is called the (D1, D2)-
deficiency index of V. If V is a non-closed isometric transformation from 9; to

1 In this connection, the following material will be found suggestive: chap. 10, §§2, 3 of the
book of Stone, especially Theorems 10.7, 10.16, and 10.18; the paper of I. Halperin, Closures and
adjoints of linear differential operators, Annals of Mathematics, (2), vol. 38 (1937), pp. 880-919;
especially pp. 883-891; the writer’s abstract 43-3-114, Bulletin of the American Mathematical So-
ciety.

1 J. von Neumann, Mathematische Annalen, vol. 102 (1929), pp. 49-131, especially pp. 80-91;
or Stone, chap. 9.

§ Operatoren im Wachschen Raum, Journal fiir die reine und angewandte Mathematik (Crelle),
vol. 174 (1935), pp. 73-124; especially pp. 99-107. Some of the theorems of the present chapter are
only slight variations of results stated by Teichmiiller. However, since his analysis does not lend itself
readily to our purposes and would, in any case, have to be considerably supplemented at several
points, it appeared to us desirable to carry through a complete independent treatment.
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s, the (©1, 2)-deficiency index of V is also said to be the (©1, $s)-deficiency
index of V. If V has either domain identically ©. or range identically 9., V is
said to be a maximal isometric transformation from . to ©; if both conditions
are satisfied, V is said to be a unitary transformation from 9, to H,.

THEOREM 2.1. Let $: and D: be separable complex euclidean spaces with
dimension numbers j and k, respectively. A necessary and sufficient condition
that a closed isometric transformation from . to . be unitary (maximal iso-
metric) is that its (D1, Da)-deficiency index be (0, 0) (either (p, 0) or (0, p)).

If either j or k is zero, the class of all isometric transformations from $, to H.
contains only the linear transformation whose domain is O. If both § and k are
different from zero, the class of all maximal isometric transformations from .
to . has the cardinal number of the continuum.

Let § and k be different from zero. If j=k <V, every maximal isomelric
transformation from . to O, is unitary. If j=k, the (1, O2)-deficiency index of
every maximal isometric transformation from 9, to $a is (j—k, 0) or (0, k—j5)
according as j is greater or less than k. If § is greater (less) than k, and M is an
arbitrary closed linear manifold in ©: (D:) such that $,0IM (HM) has the
dimension number k (), then every closed isometric transformation with domain
D1OM and range 2 (domain H: and range DIM) is contained in the class of
all maximal isometric transformations from 1 to ©,. The class of all such trans-
Jormations has the cardinal number of the continuum.

If j=k=8 and p is an arbitrary cardinal number on the range 0< p <N,
the set of all isometric transformations from 9 to H; with the (1, H2)-deficiency
index (0, p) ((p, 0)) kas the cardinal number of the continuum. If M is an arbi-
trary closed linear manifold in ©., (D) whose orthogonal complement has the
dimension number N, then every closed isomelric transformation with domain
$10M and range H: (domain 1 and range HOM) belongs to the class of all
maximal isomelric transformations from . to D.. The class of all such transfor-
mations has the cardinal number of the continuum.

The assertions of the preceding theorem which are not obvious are either
direct consequences of theorems of Stone (op. cit., chap. 2, §5) or are easily
proved by methods similar to those used there. We therefore omit proof.

2. W-symmetric manifolds and isometric transformations. We state first
the following definition:

DerINITION 2.2. A W-symmetric manifold N in a space M is said to be
maximal W-symmetric if it has no proper W-symmelric extension. It is said to
be hypermaximal W-symmetric if WR=MON.

We come now to the fundamental theorem on W-symmetric manifolds.
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THEOREM 2.2. Let W be a unitary transformation in a unitary or Hilbert
space M, and let W satisfy the identity W2+1=0. Let M+ and M~ be, respec-
tively, the characteristic manifolds of W for the characteristic values +1i and —i.
Let Uw be the class of all isometric transformations from M+ to M—, and let S w
be the class of all linear W-symmetric manifolds N in M. Then there is a one-to-
one correspondence between the classes Uw and S w such that, if V and N corre-
spond, N is the range of I—V. If V and N correspond, so also do V and N,
N is a closed linear manifold if and only if V is a closed transformation. The
correspondence between Uw and S w is an isomorphism with respect to the rela-
tion <. If N is a closed linear manifold in S w and V its correspondent in Uw,
then

(2.1) MON=WN+ M oDV) + (M- R(V)),t

the three component manifolds in the right-hand member being mutually orthog-
onal. A manifold N inS w is maximal (hypermaximal) W-symmetric if and only
if the correspondent V in Uw is @ maximal isometric (unitary) transformation
Sfrom M+ to M.

We observe first that It—=MoM+. This follows from the unitary char-
acter of W and the easily established fact that the spectrum of W consists
only of the two points +¢ and —i.

Consider now an arbitrary manifold 0 of the class S w. Let f be an arbi-
trary element of 9. Then f has a unique resolution f=f++f-, where f* is in
M+, f~in M. Furthermore,

(f, Wi = (fr + [ ift — if) = — i(f*, fH) + i/~ /) = 0.

Thus |f~| =|f*|, and we can set f~=—Vf+, where V is an operator with
domain the set of elements of I+ which are projections of elements of N and
is uniquely defined at every point of its domain. Since 9 is a linear manifold
and the projections with ranges M+ and M~ are linear transformations, V"is
a linear transformation. Since, as we have already seen, V preserves norm,
V is isometric. It is obvious that V belongs to the class Uw and that N is the
range of I — V. On the other hand, if V is an arbitrary element of the class Uw,
we have, for all f and g in the domain of V,

(f—=Vf, W —Vg) =(f—Vf, ig+ iVg) = — i(f, &) + i(Vf, Vg) = 0.
Thus the range of I —V belongs to S w. Since it is evident that two isometric
transformations V and V, with domains in 9%+ and ranges in I~ cannot
satisfy the relation R(I — V) =R(I — V) unless V=V, the first assertion of
the theorem is established.

t We use the ordinary plus sign here and throughout this paper to indicate the linear sum of
manifolds.
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We now turn to the second. If V is an arbitrary member of the class Uw
and {f.} an arbitrary convergent sequence in the domain of V, the sequence
{f-—Vf.} also converges, evidently to an element f— Vf of . Furthermore,
if {f.} is an arbitrary convergent sequence in N and f,=f+—Vf.}, the se-
quences {f+} and {Vf#} must converge separately since they belong to
orthogonal linear manifolds. But then the first converges to an element f+
in the domain of 7, the second to Vf+. Hence if % and V are in correspond-
ence, so also are 9t and V. Since the correspondence is one-to-one, it follows
that RN is closed if and only if V is closed.

Purely on the basis of the definition of the correspondence between S w
and Uy it is readily verified that R, ¢ N, implies V1€V, while V,c V, im-
plies 1 € N, where, in either case, N and N, correspond to V; and Ve, re-
spectively. Since the correspondence is one-to-one, V,=V, if and only if
N1=N,. Hence Ny € N, implies V, € V,, and conversely. Furthermore, since a
maximal isometric transformation from M+ to M~ has no proper maximal
isometric extension from N+ to IM—, the equivalence, when N and V corre-
spond, of the statements “N is maximal W-symmetric” and “V is a maximal
isometric transformation from I+ to M- follows at once.

To establish the relation

MON=WN+ MroDV)) + M- RV)),

where N is a closed linear manifold in S w, V the corresponding member of
Uw, we first observe that it is equivalent to the equation

Mme [(MreD(V) + (M- e RV)] =N+ wh.
But, since M~ =9I © M+, we have
Mo [(Mr D) + M- RWV)] =DW) + RD).
Hence we need only show that
N+ VWNR =TV) +R(O).

As every element of N can be written in the form f+—Vf+ and every element
of WN in the form g++ Vg*, where f+ and g* belong to D(V), we have im-
mediately R+WNR€D(V)+R(V). On the other hand, if f* is an arbitrary
element of D(V), (f+—Vf+)/2 is in N while (f++Vf*+)/2 is in WR, whence
we conclude that

fr=r=vM/2+ (V2

belongs to N+WN. Similarly, if Vgt is an arbitrary element of R(V),
—(g*—Vg*)/2 and (g++Vg*)/2 belong to the respective manifolds N and
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WR. Hence Vgt is in R+WNR. Thus R+-WR=D(V)+R(V) as we wished
to show.

That N is hypermaximal W-symmetric if and only if the corresponding
member of Uw is a unitary transformation from I+ to M~ is an immediate
consequence of the result established in the preceding paragraph. The proof
of the theorem is therefore complete.

Throughout the remainder of this chapter, W, M, M+, M~, Uw,S w have
the same meanings as in Theorem 2.2. We shall hereafter write # = R(V) and
V=V(MN) to indicate that N and V are corresponding members of S w» and
Uw, respectively.

TueOREM 2.3. Let Mit, M3+, - - -, M+ be mutually orthogonal linear mani-
folds in IM+. Let Vi, Vo, - - -, V. be transformations of the class Uw with do-
mains respectively Mit, M3+, - - -, M.+, and ranges mutually orthogonal. Then

the manifolds R(Vy), R(Vy), - - -, R(V.) are mutually orthogonal. If V is the lin-
ear transformation withdomain Mit+ Mzt + - - - +MFwhichisequal on Mito Vy,
(k=1,2, - - -,m), V belongs to Uw and NR(V) is R(V)+R(Va)+ - - - +R(V,).
Conversely, if N1, Na, - - -, Nu are mutually orthogonal linear manifolds in S w,
the domains, and the ranges, of V(N), V(Ne), - - -, V(N.) are mutually or-
thogonal. If M= N1+ No+ - - - + N, N belongs to Sw and V(N) has domain the
linear manifold determined by the domains of V(M1), V(Ne), - - -, V(Na) and
is equal to V(M) on the domain of the latter (k=1,2, - - - | n).

The truth of Theorem 2.3 follows from the definition of the correspond-
ence of Theorem 2.2; we omit the details of proof.

DEFINITION 2.3. The (I, IM-)-deficiency index of an isometric transforma-
tion V from M+ to M~ is also called the W-deficiency index of V. If W is a linear
W-symmetric manifold and V(RN) has the W-deficiency index (m, n), (m, n) is
also said to be the W-deficiency index of N.

THEOREM 2.4. A necessary and sufficient condition that a closed linear mani-
fold R of the class S w be maximal W-symmetric is that its W-deficiency index
be either (m, 0) or (0, n). A necessary and sufficient condition that N be hyper-
maximal W-symmetric is that its W-deficiency index be (0, 0).

The preceding theorem is merely a restatement, in terms of the terminol-
ogy introduced in Definition 2.3 of the last two assertions of Theorem 2.2.

THEOREM 2.5. Let j be the dimension number of I+, k the dimension num-
ber of M. Then, if either j or k is zero, S w contains only the manifold O in IN.
If neither j nor k is zero, the class of all maximal W-symmetric manifolds in S w
has the cardinal number of the continuum.
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If j =k <N, every maximal W-symmetric manifold in the class S w is hyper-
maximal; that is, has the W-deficiency index (0, 0). If j>k (k>j) holds, every
maximal W-symmetric manifold in Sw has the W-deficiency index (j—k, 0)
(0, k—3)). If j=k=N, and p is a cardinal number on the range 0= p <N,
the class of all maximal W-symmetric manifolds with the W-deficiency index
(p, 0) ((0, p)) has the cardinal number of the continuum.

If j=k=8, or if j>Fk (k>]) holds, and M is an arbitrary closed linear
manifold in M+ (M) such that MMy (M-SMy) has the dimension number
k(j), the class of all isometric transformations of M+O My into WM~ (M+ into
M- M) is in one-to-one correspondence according to Theorem 2.2 with a sub-
class of the class of all maximal W-symmetric manifolds in S w. Each member
of the subclass of S w so defined has the W-deficiency index (p, 0) ((0, p)), where p
is the dimension number of M.

Theorem 2.5 is for the most part a straightforward interpretation in
terms of the class S w of the analysis of the maximal transformations in the
class Uw which is provided by Theorem 3.1. We leave the details of verifica-
tion to the reader.

While it is evidently possible to elaborate extensively the preceding analy-
sis and, in particular, to consider the problem of determining all of the maxi-
mal W-symmetric extensions of a given W-symmetric manifold, we refrain
from such elaboration as being both unnecessary for the applications which
we intend to make and also clearly suggested in outline by the analysis which
we have already developed and by works of similar nature to which we re-
ferred at the beginning of this chapter.

3. Illustrations and applications. We pass instead to the consideration of
two special types of transformation W which are of considerable importance
and interest.

THEOREM 2.6. Let M=D DD where O is a unitary or Hilbert space, and
let W be the transformation which takes every vector {f., fo} of © into i{fi, —f2}.
Then W is a unitary transformation in I and W2+-1=0. The characteristic
manifolds M+ and M~ of W for the characteristic values 41 and —i are $+9O
and O+, respectively. The class Uw is in one-to-one correspondence with the
class of all isometric transformations X in O; V in Uw corresponds to X if and
only if D(V) =D(X)+O and V{f, 0} = {0, Xf} for all f in the domain of X.
V is a maximal isometric (unitary) transformation from M+ to MM~ if and only
if X is maximal isometric (unitary) in . If V and X correspond, N(V) is the
graph of —X.

The statements regarding W are evident. The remaining assertions of the
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theorem are all proved by simple recourse to the definitions of the various
terms and symbols involved.

THEOREM 2.7. Let M= O where O is a unitary or Hilbert space. Let W
be the transformation with domain M which takes {f, g} into {g, —f}. Then W
is unitary and W2+I1=0. The manifolds M+ and M~ in M are, respectively,
the set of vectors of the form {h,ih} and the set of vectors of the form {h, —ih}.
There is a one-to-one correspondence between the class Uw and the class X of all
isometric transformations X in ©; V and X correspond provided {h, ih} is in
the domain of V when and only when h is in the domain of X and V {h, ik}
={Xh—iXh}.

The class Sw contains a subclass of manifolds each of which is the graph B(H)
of a symmetric transformation H in ©; if H is an arbitrary linear symmetric
transformation in O, B(H) belongs toS w. If B(H) =N(V) and V corresponds to
the member of X of X according to the laws stated above, H=i(I+X)(I—X).
H is maximal symmetric (self-adjoint) if and only if B(H) is maximal (hyper-
maximal) W-symmetric.

Again the statements concerning W are evident from inspection. In verifi-
cation of the correspondence between Uy and X, we observe first that every
isometric transformation X inX clearly generates a member V of the class Uw
according to the following rules:

(1) D(V) contains {#, ik} if and only if the domain of X contains #;

(2) Vi{h, ik} ={Xh, —iXh}.

On the other hand, if = belongs to Uw, the equality 2|k|?=2|%|? which
is valid whenever {k, —ik} =V {h, ik} and the linear character of V imply
that V generates a member X of X such that (1) and (2) are satisfied.

If H is a linear symmetric transformation in $, then W8(H) is the set
of vectors {Hf, —f} in §@9; hence the symmetry of H implies that B(H)
isinSw. If B(H)=N(V) and V corresponds to X in X, the domain of H is
the range of 7—X and H(I—X)=4(I+X). The fact that I —X has range
dense in $ is readily shown to imply that it has no zeros and we thus have
H=i(I+X)(I—X)!. The statements “H is maximal symmetric” and
“B(H) is maximal W-symmetric” are obviously equivalent by definition
as also are the statements “H is self-adjoint” and “®(H) is hypermaximal
W-symmetric.”

Further application of the theory of W-symmetric manifolds which we
have developed, and of the more detailed theory which we have suggested
to the study of the graphs of symmetric transformations would clearly yield
new proofs of many of the known facts in the familiar theory of the connec-
tion between isometric and symmetric transformations. We prefer, however,
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to postpone consideration of this theory to a later point where we are led to
it again from a different direction. Here we shall prove only a variation of one
known theorem which is intimately connected with the previously stated
fact that a reduction operator 4 can be defined on the graph of the adjoint
of any symmetric transformation.

TueoreM 2.8. Let H be a closed linear symmetric transformation in Hil-
bert space O, and let Dt and D~ be the characteristic manifolds of H* for the
characteristic values +i and —i, respectively. Then B(H*)©B(H) is the set of
elements of B(H*) which can’be written in the form {f+-+f-, ift—if~}, where
frisin D f-in D7

Let W, M+, and I~ have meanings the same as in Theorem 2.7,and let V
be the isometric transformation from M+ to M~ corresponding to B(H) in
accordance with that theorem. Since H is closed and linear, (H) is a closed
linear manifold, and V is closed also. Moreover, according to equation (2.1),
($@9)©B(H) is the manifold

WBH) & MM+ o D(V)) & (M- R((Y)).
But, by definition,
(© ® D) ©B(H) = WB(H").
Thus we have
WB(H) & (Mt ©D(V)) & (M- R(V)) = WB(HY),

and, since the three components on the left are mutually orthogonal, this is
equivalent to the equation

WB(H*) © WB(H) = (M ©D(V)) & (M- R(V)).

But W is unitary, equal to 2/ on M+, and to —iI on P, so that the latter
equation is equivalent to

B(H*) ©BH) = M+ oD(V)) & (M- R(Y)).

Hence to complete the proof it is necessary only to show that (M*+oD(V))
consists of all vectors {f+, if*} such that f+ is in D+ and (M-D(V)) of all
vectors {f-, if~} such that f- is in D-.

Consider first an arbitrary element f+ of ©+. Then H*f*+=1f*, and

(& 1) + (Hg, ift) = i(g, if") — i(Hg, f+*) = 0

forall gin ©(H);and {f*, if+} is perpendicular to B(H). But B(H) =R(I—V)
and R(V) isin M~ = (D ® D) ©M*. Therefore, since (f*, k) + (ift, —ik) =0 for

t Compare Stone, Theorem 9.4, and Teichmiiller, loc. cit., pp. 104-105.
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all zin §, {f+, ift} is in M+*©D(V). On the other hand, if {f*, if+} is in
M+oD(V), it is perpendicular to B(H) and we have

(g, if*) — (Hg, f+) = — ilg, f*) + (Hg, if*) = 0

for all g in D(H), whence it follows that ift = H*ft.

A similar argument establishes the analogous relation between M-S R(V)
and ©-, and completes the proof of the theorem.

THEOREM 2.9. Let A be the projection in B(H*) with range B:.(H*)
=B(H*)OB(H). Then A is a reduction operator for H*, with range-space
B1(H*Y. The transformation W associated with A by Definition 1.1 is equal
on its domain to the operator in © O which takes {f, g} into — {g, —f}, where
and g are both in .

It is necessary for the proof of the theorem only to determine
(© © ) ® B:i(HY) ©B4).

Letting W, have the same meaning as W in Theorem 2.7, we have $®9
=B(H*) ®W.B(H). Hence

(D & ) ® Bu(H) © B(4) = (BH*) & W.B(H)) & BL(H*)) © B(4),

and, since W,B(H) +9 is obviously orthogonal to B(4) in (H © D) & B:1(H*),
we have now to determine

(B(H*) @ B1(H*) © B4).

But, considered as a transformation from 8 (H*) to 8:(H*), A has an adjoint
from B,(H*) to B(H*), which is clearly equal on its domain to the identity.
Therefore, in accordance with Theorem 2.8,

(D © D) © B.(H*) © B(4)

consists of those and only those elements of (H ® ) @ B:(H*) which are of the
form

VHf +irr = if-, = f = = S =i i+
Since, when we again take account of Theorem 2.8, these elements are re-
vealed as precisely those elements of (D ®9) ® B1(H*) which are of the form
{H*g, —g, WAg}, where W has the character stated in the theorem, the
proof is complete.

Theorem 2.6 gives complete information about the structure of the mani-
folds 9 of the class S w for the special operator W there considered. Theorem
2.7, however, provides this information only in the special case that 0 is the
graph of a symmetric transformation. It is desirable, therefore, that we dis-
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cuss more fully the general case arising under Theorem 2.7. An analysis ade-
quate for our purposes is provided by the theorem which we prove next.
Following von Neumann, we shall call a transformation H in a space
Hermitian if the equation (f, Hg) — (Hf, g) =0 is satisfied for all f and g in
the domain of H.T Thus a Hermitian transformation is symmetric if its do-
main determines $. We emphasize that  may have a finite dimension num-
ber and also that we do not admit, as von Neumann does in the work just
referred to, many-valued operators H.

THEOREM 2.10. Let I and W have the same meanings as in Theorem 2.7,
and let N be an arbitrary closed linear manifold in the class S w. Let X be the
member of the class X corresponding to V(N) in accordance with Theorem 2.7.
Then X is a closed transformation. Let ©,(X) be the characteristic manifold of X
for the characteristic value 1, and let Do(X) =D(X) ©D1(X). Let X, be the con-
traction of X with domain Do(X), and let Do be the closed linear manifold de-
termined by the linear sum of the domain and range of Xo. Then D, is in
POD(X), (I —Xo)! exists, and the transformation

H= ’L(I + Xo)([ — Xo)_l

is a closed linear Hermitian transformation in . If {f, g} is an arbitrary ele-
ment of N, f is in the domain of H and g=Hf+h, where h belongs to D:1(X). The
resolution of {f, g} so provided is unique. M is maximal (hypermaximal) W-
symmetric if and only if Do=90D:(X) and H is maximal symmetric (self-
adjoint) in Ho.

That X is closed follows at once from the fact that 0 is closed, when we
take account of the relation between X and V(N) described in Theorem 2.7.

By definition, $o=D(X,) ®R(X,). Since, also by definition, D(X,)
=D(X)oD:i(X), it follows that D(X,) cHOD(X). But X, €X and X is
isometric. Therefore, as X is defined throughout ©,(X) and leaves it invari-
ant, we must have R(X,) € 90D (X). Consequently Ho € HOD:(X).

Since (I —X,)f=0 implies (I —X)f=0 which implies in turn that f be-
longs to Di(X), it follows that (I —X,)~! exists. That the transformation H
of the theorem is a closed linear Hermitian transformation in the space £,
is readily verified on the basis of its definition in terms of X,.

If {f, g} is an arbitrary element of R, then, according to Theorem 2.7,
f=k—Xk,g=1i(k+Xk), where k is an element of D(X). Let k =k, +k,, where
k1 belongs to Do(X), ky to Di(X). Then f=k— Xk, g=1i(k1+ X k1) +2iks.
Thus g = Hf+h, where h=2ik,. That this resolution of {f, g} is unique is an

t Functional Operators (mimeographed notes of lectures given at The Institute for Advanced
Study, 1933-1935), p. 2-46.
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immediate consequence of the uniqueness of the resolutions & =k, for %,
and

{78} = {k — XE, ik + XP);

for {f, g}.

Now let us suppose that 0 is maximal W-symmetric. Then, by Theorem
2.7, either the domain or the range of X is identically $. Consequently, either
the domain or the range of X, is identically $, and $,=9SD:(X). Further-
more, the range of I — X, is dense in §,. For let the equation (f, g—Xog) =0
be satisfied for all g in the domain of X, and some element f of $,. Then
(f, & — (f, Xog) =0. Hence, if X, has domain §,, we have f=Xf. But it is
readily shown that X ¢* is equal to X3! on R(X,) and equal to 0 on HOR(X,).
Thus f is in R(X,) and f=Xgf. Since the inverse of I — X, exists, it follows
that f=0. Similarly, if X, has range $,, we have f=(X¢1)*f and a parallel
argument leads again to the conclusion f=0. Thus H=4(I+X,)(I —X,)* is
symmetric in §, and, since either the domain or the range of X, is identically
Do, H is maximal as well. Furthermore, when 0 is hypermaximal W-sym-
metric, X, has domain and range identically §, so that in this case H is self-
adjoint.

Next let us suppose that $ =9, ®D:(X) and that H is maximal symmetric
in $o. Then N=VB(H) ® P where P is the manifold in M=H ®H whose ele-
ments are of the form {0, 4}, % in D:(X). Thus MO N =WB(H*) ®W P, and
in view of Theorem 2.8 this equation reveals immediately that 9 is maximal
W-symmetric. Furthermore, if H=H*, then $(H*) =8(H), and N is clearly
hypermaximal W-symmetric.

We bring this section to a close with a simple theorem which is revealed
later as of fundamental importance.

THEOREM 2.11. Let A be a reduction operator with domain in the graph of
the adjoint H* of a symmetric transformation H in a Hilbert space . Let M be
the range-space of A, and let W be the unitary transformation associated with A
by Definition 1.1. Let M+ and MM~ be the characteristic manifolds of W for the
characteristic values +1i and —i, respectively. Let U be the transformation in
D OO DM which takes |y, fo, h} into {fo, —f, Wh}. Then U is a unitary trans-
formation in S®H DM and U?+1=0. The graph B(A) of A, consisting of all
vectors of the form {f, H*f, Af} in DO ®M is a hypermaximal U-symmetric
manifold. The characteristic manifolds of U for the characteristic values +1 and
—1 are, respectively, the manifold L+ consisting of all elements of the form
{f, if, by}, where f is in O, hy in M+, and the manifold L= of all elements of
the form {f, —if, h_}, where f is in © and h_in M.
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Since it is an immediate consequence of Definition 1.1 that
UB4) = (DD 0M O B4,

it is necessary only to establish that U has the properties stated in the theo-
rem. That U%+1=0 is readily verified:

Uz{fl’fﬁ’h} = U{f% -/ Wh} = {_flr — fo th}

and W2k = — k. From inspection it is evident that 2+ and ¢~ are at least sub-
sets of the indicated characteristic manifolds of U; that they must be iden-
tically those manifolds is an immediate consequence of the easily proved
equality

B+ =90 90N

4. Real W-symmetric manifolds. Just as it is desirable to consider the
special properties of symmetric transformations which are real with respect.
to a conjugation, so here it is desirable to consider “real” W-symmetric mani-
folds.

We recall that a conjugation J in a Hilbert space or unitary space I is
a one-to-one transformation of I into itself such that

=1, Uf,J9 =G o = (&N,

and that a transformation T in It is said to be real with respect to J if it
permutes with J.f

DEFINITION 2.4. A linear manifold N in a unitary or Hilbert space M is
said to be real with respect to a conjugation if it contains Jf whenever it contains f.

THEOREM 2.12. If a linear manifold N in MM is real with respect to a con-
jugation J, then the closed linear manifold which N determines is real with re-
spect to J.

For a linear manifold N to be real with respect to J it is necessary and suffi-
cient that (1) TN =N; if N is also closed, either of the following conditions is nec-
essary and sufficient: (2) MO N is real withrespectto J, (3) (MSN) =T (MSN).

Since a conjugation J is evidently continuous, it follows at once that the
closed linear manifold : determined by a linear manifold N is real with re-
spect to J, if 9 itself is.

If N is real with respect to J, then JN is a subset of N; if it is a proper sub-
set, then J29 is also a proper subset of R. The latter is clearly impossible,
however, since J?2=1. Thus the condition JR =N is necessary for the reality
of N with respect to J; that it is sufficient is obvious. For N closed, the neces-

1 Stone, pp. 357-365.
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sity and sufficiency of the condition (3) now follow from the fact that
(Jf,Jg) =(f, g) for all fin 9N and gin MO N, and the fact that J takes N into
itself and (1). Since (2) is, by (1), equivalent to (3), the proof is complete.

LemMa 2.1. 4 unitary transformation W, W21 =0, permutes with a con-
Jjugation J if and only if M—=T M+ and Mt=TJM~.

The proof is immediate.

THEOREM 2.13. Let N be a closed W-symmetric manifold in M, and let

V=V (N). Then for N to be real with respect to a conjugation J which permutes
with W, it is necessary and sufficient that the identity V=JV-1J hold.

We observe first that JN is W-symmetric, since the relations
WREMOSN, JUNEMOS IR, WIREM S TN

are equivalent. Also, if R=R({I —V), then IR=RUI —JV-J), and JTV-1J is
isometric with domain in M+ and range in M~ by Lemma 2.1. Hence, by
Theorem 2.2, R =J N if and only if V=JV-1J, and the proof is complete.

THEOREM 2.14. Let M= DD, let W be as in Theorem 2.7, and let J, be a
conjugation in O. Then the transformation J in IN defined by the equation
J{f, g} ={Jof, Jog} is a conjugation which permutes with W. A closed linear
W-symmetric manifold N in M is real with respect to J if and only if the mani-
fold D1(X) and the transformation H associated with N by Theorem 2.10 are
real with respect to J .

The first assertion is a direct consequence of Lemma 2.1.

If H is real with respect to Jo, then B(H) is real with respect to J, by
definition. Furthermore, the manifold O+9,(X) in M=H B P is clearly real
with respect to J if ©:(X) is real with respect to J,. Thus, since

N = B(H) + (O +Du(X)),

N is real with respect to J when H and ©,(X) are real with respect to J,.
On the other hand, suppose R is real with respect to J. Then

JB(H) + (O + JT1(X)) = B(H) + (O + Du(X)).

But JB(H) =8B(JHJ,) and JD:(X) is orthogonal to the range of JoHJ,.
Furthermore J,HJ, is readily shown to be a Hermitian transformation. But
according to Theorem 2.10, H and ©,(X) orthogonal to the range of H are
uniquely determined by N; so we have

]oHJo = H, JO@I(X) = Ql(X).

Consequently H and ©,(X) are real with respect to J,.
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CHAPTER III. REDUCTION OPERATORS

1. An alternative definition. In this chapter we examine in detail the situ-
ation described in Definition 1.1, with particular attention to the structure of
transformations A4 satisfying the conditions of that definition.

Before proceeding, we introduce the following notations whose meanings
remain fixed throughout the chapter:

DeFINITION 3.1. H is a closed symmetric transformation in Hilbert space O,
with domain D; D* is the domain of H*; B and B* are the graphs of H and H*,
respectively; D and D~ are the characteristic manifolds of H* for the charac-
teristic values +i and —i, respectively; B+ (B~) is the subset of B* defined as
follows: {f, H*f} in B* is in B+ (B) if and only if f is in D+ (D).

We recall from Theorem 2.8 that B*©B=3++3B".

THEOREM 3.1. If A is a reduction operator for H*, the contraction A, of A
with domain [(B++B-) - D(A)] is a closed linear transformation with domain
dense in B++B~ and range dense in M, the range-space of A. The transforma-
tions A and AT exist and

(3.1) AF = QA7'W,

where Q is the transformation in B++B~ which takes {f, g} into {g, —f},fand g
being elements of .

Conversely, if A, is any closed linear transformation with domain dense in
B++B~ and range in a unitary or Hilbert space M, and if AT exists and satis-
fies (3.1) for some unitary transformation W in IR, then the closed linear trans-
Sformation A with domain D(A4,)+B which is equal to O on B and to A, on
D(A1), is a reduction operator for H*.

We note first that D(4,) is dense in B+4B~, since B is a closed linear
manifold in D(4) and D(4) is dense in B*. Thus the existence of 4 is as-
sured. Furthermore, the existence of Ai? is assured by Theorém 1.1, and the
relation A*2 QAW follows at once from Definition 1.1.

Hence we have only to show that QAW 2 4¥; to do this we take direct
recourse to the definition of the adjoint. Accordingly, we consider an arbi-
trary vector {f, H*f, k} in (8++98-) @M such that the equation

(g, /) + (H*g, H*f) — (Ag, H*g, h) = 0

is satisfied for all {g, H*g} in D(4,). Since {f, H*f} is by hypothesis in
B*O B, the equation is satisfied for all {g, H*g} in D(4,) if and only if it is
satisfied for all {g, H*g} in D(4). Thus, by Definition 1.1, we must have
{f, H*f} = {H*k, —k}, —h=WA,{k, H*k}. Consequently, since W= —W-,
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{k, H*k} = — AT'W'h = AT'Wh.

But {f, H*f} =A#*h and {f, H*f} =Q{k, H*k}. Therefore, whenever % is in
the domain of A, Wh is in the domain of A7* and A =QA7'Wh. Thus
AFCQATW.

If, on the other hand, 4, is given with the properties specified in the theo-
rem, it is readily shown that its linear extension A defined by the relations
A=A4, on D(4,), A=0 on B, satisfies the conditions of Definition 1.1 and
so is a reduction operator for H*.

Throughout the remainder of this paper, the subscript 1 attached to the
symbol for a reduction operator indicates the contraction defined in Theorem
3.1. With this convention, we may take as the definition of a reduction opera-
tor the identity (3.1). The latter has the advantage of greater transparency;
in particular, it reveals at once the following important information:

THEOREM 3.2. The range of a reduction operator A for H* is the entire
range-space M of A if and only if M is a unitary space or A is bounded.

If 9 is unitary, A4 is necessarily bounded, so we may suppress considera-
tion of the dimension number of k.

Obviously A is bounded if and only if 4, is and thus if and only if 4 is.
But 4* being closed is bounded if and only if its domain is 9, and, by the
identity (3.1),its domain is I if and only if the domain of Ai* (that is, the
range of 4) is M.

On the basis of Theorem 3.2, it would be possible to proceed at once to
the solution of the problem proposed at the end of Chapter I for the case that
4 is bounded. For unbounded reduction operators, however, more elaborate
analysis is necessary.

2. Characterization of all reduction operators. We give now a character-
ization of all reduction operators which, except for minor points of detail, is
due to M. H. Stone.

THEOREM 3.3. If A is a reduction operator for H*, with range-space I,
and X is an arbitrary isometric transformation with domain M and range N,
then C=XA is a reduction operator for H*, with range-space N. The unitary
transformation in N associated with C by Definition 1.1 is U=XWX. The
characteristic manifolds of U for the characteristic values +i and —i are XIN+
and XM, respectively, where M+ and M~ are the characteristic manifolds of W
for the characteristic values 41 and —1, respectively.

We set C1=X4,, obtaining A,=X"'C;, A¥=C*X, A7'=Ci'X. Thus from

the identity (3.1) we have C¥X=QCr'XW, or Ci*=QCi'XW X!, which by
Theorem 3.1 implies that C=X4 is a reduction operator for H*.
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To prove the final assertions of the theorem, we make use of the identities
UX=XW, X?'U=WX-'. If Wh=ah, we have, by the first identity,
UXhk=Xah=aXh. On the other hand, if Uk=ak, we have, by the second
identity, eX'h=X"'ah=WX-1h. Setting e equal first to ¢ and then to —i,
we obtain at once the desired result.

DEFINITION 3.2. If A and C are reduction operators for H*, with range-spaces
M and N, respectively, C is said to be equivalent to A, C~A, if there exists an
isometric transformation X with domain MM and range N such that C=XA.

THEOREM 3.4. Let A, C, and D be reduction operators for H*. Then C~A
implies A~C, and D~C, C~A imply D~A.

The proof is immediate.

DEFINITION 3.3. The class of all reduction operators for H* which are equiva-
lent to a single reduction operator A is called the equivalence class of A, or merely
an equivalence class.

We can now characterize all reduction operators for H* by characterizing
a representative member of each equivalence class. Our method is to show that
(C#C)v2=(A{¥A )2 whenever 4 and C are equivalent and that B, =(A4:*4,)2
defines, in accordance with the second paragraph of Theorem 3.1, a reduction
operator B for H*, which is equivalent to 4. Thus B, or B,, completely de-
termines the equivalence class of 4. Our characterization of B; is based on
the following theorem:

THEOREM 3.5. Let & be a Hilbert or unitary space. Let T be a nonnegative
definite self-adjoint transformation in R such that T exists and salisfies the
identity T=QT 'R, where Q and R are unitary transformations in & such that
Q*=R?=—1. Then R=Q™, and the resolution of the identity E(\) in R asso-
ciated with T has the following properties:

(1) E(\)=0for \<0;

(2) EN)=QUI—E(1/x=0))Q for 0<A< ;

(3) the range N of E(1—0) is a Q-symmetric manifold;

(4) the range of I—E(1) is QM;

(5) the range P of E(1) —E(1—0) is of the form B = N1+ Ns, where N1 and
N are closed linear manifolds belonging to the characteristic manifolds of Q for
the characteristic values i and —i, respectively.

Let R be an arbitrary closed Q-symmetric manifold in R, and let Eq(\) be a
resolution of the identity in N such that Eqx(\) =0, A\<0; Eq(1—0)=1. Then
the conditions

(6) EQN) = Ex(NEg,  for N <1;
() EQ1) = By,




394 J. W. CALKIN [May

where 1 =S QON;
(8) EN) =0 — EQ/x=0)Q7',  for 1<N< w,

define a resolution of the identity E(\) in & whose associated self-adjoint transfor-
mation T is nonnegative definite and has an inverse such that T=QTQ~.

Since T=QT'R is self-adjoint, we have also T=R-'7-Q-}, the identity
(QT-'R)*=R'T'Q' being easily established. Hence T2=QT-?Q"!, or
T*=(QT'Q")% As QT-'Q~! and T are both nonnegative definite, we con-
clude that they are equal and thus that R=0Q-! on D(7). Since the latter
manifold is dense in &, and R and Q! are both bounded, we have R=0Q-.

Now let E(X) be the resolution of the identity associated with 7. Then the
fact that T is nonnegative definite and has an inverse has as a consequence
(1) of the theorem. To prove (2) we first recall that the unitary equivalence
of two self-adjoint transformations is a necessary and sufficient condition for
the unitary equivalence of the corresponding resolutions of the identity for
each value of the real parameter A which appears in the definition of both.}
Since the resolution of the identity F(\) for 7! is obtained from that for T
according to the equations

F(\) =0, A0,
FO\) =1 — E(1/\ — 0), 0<A< »,

the unitary equivalence of T and 7! under the unitary transformation Q
yields the relation (2). From (2) we obtain at once E(1—0)=Q( — E(1))Q!
which implies (4); and, since the range of 7 — E(1) is orthogonal to the range
of E(1-0), (3) now follows. In order to establish (5) we have only to ob-
serve that E(1)—E(1—0) has range (N +QN) and then apply Theorem
2.2.

To prove the second part of the theorem we note first that the self-ad-
joint transformation 7T associated with the resolution of the identity defined
by the relations (6), (7), and (8) has an inverse whose resolution of the
identity F(\) is obtained from E()) in the manner indicated above. Thus we
have E(\) =QF(\)Q~! which, according to a theorem already indicated, im-
plies T=QT-1Q1.

THEOREM 3.6. Each equivalence class <A of reduction operators for H*
contains one and only one operator B with range-space B++B~ such that B,
is @ nonnegative definite self-adjoint transformation in B++B~. If B is such a

reduction operator, By=QBr'Q. If A is an arbitrary reduction operator in the
equivalence class of B, then A¥A =B? and A¥A,=B:?.

t Stone, Theorem 7.1.
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Let the class <4 be given, and let C belong to 4. Then the transformation
Ci¥C, is a nonnegative definite self-adjoint transformation and has a unique
nonnegative definite square root By, B =C{*Cy, such that B,=XC,, where X
is an isometric transformation with domain the closure of the range of C; and
range the closure of the range of Ci*.f Thus X is an isometric transformation
with domain the range-space I of C and range B++B~. By Theorem 3.3,
B=XC belongs to /4. Since B;=QBi' XWX~ where W is the unitary opera-
tor in M associated with C, we have by Theorem 3.5, B,=QBi'Q1. Now let
A be any other member of the class «4. Then 4,=VC, and A¥=C}¥V-,
where Y is isometric. Thus 4¥4,=B:, from which the equation 4*4 =B?
follows at once, since A*=A4*. In particular, if 4, is self-adjoint in B++B-,
we have A2 =B¢2. Consequently, if 4, is also nonnegative definite, we must
have A,=B,. Thus B is unique, and the proof is complete.

DEFINITION 3.4. If A is a reduction operator for H*, E,(\) denotes the
resolution of the identity in B++B~ associated with (AFA)\2.

Theorems 3.3, 3.5, and 3.6 evidently provide a constructive characteriza-
tion of all reduction operators for H*. This characterization, since it allows
us to study an arbitrary reduction operator A in terms of the self-adjoint
transformation B, = (4*4,)"2 whose properties are described in Theorem 3.5,
leads to comparatively simple proofs of many theorems which are otherwise
established only with considerable difficulty. In particular, it reveals the ef-
fect of the deficiency index of H on the reduction operators for H*.

THEOREM 3.7. Let A be a reduction operator for H*, and let M and W have
the same meanings as in Definition 1.1, M+ and M~ the same meanings as in
Theorem 2.2. Let m and n be the dimension numbers of M+ and M, respectively.
Then (n, m) is the deficiency index of H.

A necessary and sufficient condition that there be unbounded reduction opera-
tors for H* is that H have the deficiency index (No, N).

Evidently 8- and B+ are the characteristic manifolds of Q~* for the char-
acteristic values 7 and —z, respectively. But then, by Theorems 3.6 and 3.3,
we have 8—=XM+ and B+=XM~, where X is an isometric transformation
with domain M and range B++B~. Thus B~ has the dimension number m,
B+ the dimension number #. Since B~ and B+ clearly have the same dimen-
sion numbers as ©~ and D+, respectively, the deficiency index of H is (n, m).

To prove the second assertion of the theorem, we observe first that a re-
duction operator 4 is unbounded if and only if B,=(44,)!”? is unbounded.
Now let ¢ be the range of E,(1—0). Then, by Theorem 3.5, the range of

t Murray, Theorem 1.24.
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I—E4(1)isQ% and Nis Q-symmetric. Furthermore, on (B++3B-) S (N+0N),
B;=1I. Thus B, induces a bounded transformation in (B++3-) 0N, and so
is unbounded if and only if it induces an unbounded transformation in Q%.
Since it is evident that B, can be constructed with this property if and only
if N has the dimension number N, and since, by Theorem 2.2, N can be
chosen with that dimension number if and only if both of the characteristic
manifolds of Q are Hilbert spaces, the proof is complete.

3. The graph of a reduction operator. For further study of reduction op-
erators, we now call into play Theorem 2.11. We preserve the meanings of
all the symbols introduced in that theorem.

THEOREM 3.8. The space B+O in DDODOM is U-symmetric and
B+OCSB(A), the equality holding if and only if H=H*. Let Z be the iso-
melric transformation with domain L+ and range 8~ associated with B+O by
Theorem 2.2, and let Y be the unitary transformation of &+ into = associated
with B(A) in accordance with Theorems 2.11 and 2.2. Then Z €Y, the equality
holding if and only if H=H?*. The manifolds & and %~ admit the decompo-
sitions

1 L =D2Z) & Bt & M+,
(2) T =RZ) OB DM,

where the three component manifolds in each case are mutually orthogonal, and
B-OM— =Y (BrOM*).

That the relation 4+ € B(4) holds is obvious, since B is the manifold
of zeros of A. Hence, by Theorem 2.2, Zc ¥V, and 8+9O=D(4) if and only if
Z=Y. But if 8+0O=9D(4), then 4 =0, and conversely. Since 4=0 if and
only if H=H?*, the first two assertions of the theorem are established.

As we observed in Theorem 2.11, the manifold {* consists of all vectors
in ®H DM of the form {f, if, b, }, where k, is in I+, and & of all vectors
of the form {f, —if, h_}, where k_is in 9%~. Since, if

X=(H-)(HH i),

we have D(X) =90 D+and R(X) =HOSD, it is readily shown, by reason of
the relation between X and Z made evident by Theorem 2.7, that 3+ @M+
=2+oD(Z) and that B~ DM~ =L-"OR(Z). From these equations the asser-
tions of the theorem concerning the decomposition of *+ and £~ follow.

Finally, the equation 8- @ M- =V (B+®M*) is a consequence of the uni-
tary character of ¥ and the facts already established.

THEOREM 3.9. Let B+(4), B-(4), B(4), and B_(A) be the subsets of
B(A,1) defined as follows: {f, H*f, Af} in B(A)) is in B+(A) if f is in D, and
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in B=(4) if f is in D=; {f, H*f, Af} is in B.(A) if Af is in M+, and in B_(4)
if Af s in M. Then

(1) BH) = (I — ¥ HM-,

(2) B=(4) = (I — V),

3) B:(4) = (I - ¥ H)¥,

4) B_(4) = (I — V)B;

and

©®) B(4:) © BH4) = B(4),

(6) B(4,) ©B-(4) = B_(4).

T hus

(7) B(4) =B+ BHA4) + B,(4) = B+ B-(4) + B_(4).

From Theorem 3.8 it is evident that every element of $B(4,) can be
written in the form (I —Y){f*, if*, h.} where f* is in ©+ and 4, is in M+,
or equivalently in the form (I—Y-Y){f-, —if-, h_} where f~ is in ©-, A_
in MM~. However, since ¥~! takes B~+ M~ into B++IM*, it is clear that
the projection of (I—Y-1){f~, —if~, k_} on $®P is in B+; that is, that
(I —YY{f, —if-, h_} is in B*+(4)) if and only if f~=0. Thus (1) is valid.
Equations (2), (3), and (4) can be verified by entirely similar arguments.
Equation (5) then follows from equations (1) and (3) and equation (2) of
Theorem 3.8, while (6) follows from (2) and (4) and equation (1) of Theorem
3.8. The relations (7) are consequences of (5) and (6) and the fact that
B(4:) =B(4)e(B+9).

It is worth while to point out here a second characterization of reduction
operators which is suggested by Theorems 2.11, 3.8, and 3.9. The facts can
be stated as follows: Let § be a Hilbert space, H a closed linear symmetric
transformation in . Let Q be the transformation in  ®$ which takes {f, g}
into {g, —f}, and let Z be the isometric transformation corresponding to the
Q-symmetric manifold 8 =8(H) in accordance with Theorem 2.2. Let I+
and M- be complex euclidean spaces with the same dimension numbers as
B~ and B+, respectively. Let ¥ be an arbitrary isometric transformation with
domain D(Z)+B++ M+ and range R(Z) +B~+ M~ such that Y2 Z, such
that Eg-Y A+ =0 for &+ in M+ implies #+=0, and such that

Eq-Y{f*, ift} =0

for {f*, if+} in B+ implies f+=0. Then R(I —Y) is the graph of a reduction
operator A for H*. We leave the proof of these assertions to the reader.
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THEOREM 3.10. Let Bit=B+-D(4), Bi=B~-D(4), Mit=M+-R(4),
M=M= R(A), Then Bit, Bi, Mit, and M i are linear manifolds every-
where dense in B+, B~, M+, and MM, respectively. Each of the equations
Bit=Bt, Bi =B, Mit =M+, Mi =M, is valid if and only if A is bounded.
If V is the isometric transformation with domain IN and range B++B— suck
that (AFA)2=V Ay, then B =VIMit, Bir=VMi.

The manifolds Bit, Bi, M4+, and Mi are characterized by the equations

(1) Bit = EgqeB+(4) = Egqye VTN,
@) Bi = EgqoB(4) = Egqys VIV,
©) Mit = En®B.(4) = EnY '8,

) Mi = FgB_(4) = En VB,

where each of the projections Eggyg and Egy has domain QOO DM, and Y has
the meaning assigned to it in Theorem 3.8.

Again we denote by N the range of E4(1—0), and by P the range of
E,(1)—E4(1—0). Then % and P both reduce B;=(4:*4:)'2, and in P,
B, =1, while in N, B, induces a bounded self-adjoint transformation. Further-
more, by Theorem 3.5, B =Bi*+ Bi, where Bit and Bi are closed linear mani-
folds in B+ and B, respectively; in addition, applying the same theorem and
Theorem 2.2, we have P=(B++B)S(N+0ON) and R+ON=D(X) +R(X),
where X is an isometric transformation and D(X) = 8+o8i, R(X) =8-69Br,
RI-X)=N.

Now let M, be the range of the transformation B, induced in 9 by B.
Then, since B, is self-adjoint and has an inverse, %, is a linear manifold
dense in N, and D(4,) =D(B1) =B+N+0ON,. Hence

D(4)-Bt = D(41)-B*+ = Bit + N + Ny - B+,
D) B~ =D(41)- B~ =Br + N+ ) B~.
Consequently, B4 (B.4) is dense in B+ (B~) if and only if (R+QNy)- B+
((M+0ONy) - B-) is dense in D(X) (R(X)).
To prove that the latter condition is satisfied, we denote by X the iso-

metric transformation from B+ to B~ such that N, =R —X,). Then evi-
dently QN =R+ X ). Thus, since N2 R — X,), we have

M+ Ny - B+ =D(Xy), RN+ M) B~ = R(X),

and

B4 = Bit + D(Xy), Bi = B+ R(Xy).
But, since the closure of 9% is R, it follows from Theorem 2.2 that X,=X,
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and therefore that the closures of the domain and range of X, are, respec-
tively, the domain and range of X. Furthermore, %, =N if and only if B,
has a bounded inverse; that is, if and only if 4 is bounded. Thus X;=X if
and only if 4 is bounded. Therefore 84+ and B are linear manifolds every-
where dense in 8+ and B, respectively, and B4 =8+, i =B~ if and only
if 4 is bounded.

We now observe that R(B;)=VR(4:) and, since (N+QON.) Bt
= (P +0N)- B+ and (N+0N)- B~ = (M +ON)- B, that

D(By)- B+ = R(B1)-B, D(By) B~ = R(By)-B~.

Consequently, taking account of the relations B—=VM+, B+=VIN-, we
have B8 =VMi, Bi =VM4i. Thus, since V is isometric, it follows that
M4 and M are dense in M+ and M-, respectively, and that M =M,
Mi =M~ if and only if A is bounded. Thus the facts stated in the first
paragraph are all established.

The equations with which the theorem concludes are consequences of
Theorems 2.11, 3.8, and 3.9, as the-reader can readily verify.

THEOREM 3.11. Let A be a reduction operator for H*, and let Y have the
same meaning as in Theorem 3.8. Let F be the transformation with domain M+
which is equal on its domain to EqY , and let G be the transformation with domain
B+ which is equal on its domain to EggygY. Then F and G are bounded linear
transformations with ranges in M~ and B, respectively. The adjoints F* and
G*, with the respective domains M~ and B, are equal on their domains to
EnYand EgqyeY 1, respectively. If A is bounded, F, G, F*, and G* each have
as bounds constants less than 1; if A is unbounded, F, G, F*, and G* each have
the bound 1, but none of these transformations attains its bound. Finally,

1) R — F) = ABi = EpB(4),
(2) R(I — F*) = 48B4t = EnB*(4),
3) R — G) = AT'Mi = EggeB_(4),
@) R — G*) = AT = EgqyeB.(4).

That F and G are bounded linear with bounds less than or equal to unity
is an immediate consequence of their definitions in terms of the isometric
transformation ¥. That their ranges are in 9%~ and 8-, respectively, follows
from the equation 8-+~ =Y (B++M+) of Theorem 3.8. Since the adjoint
from @+ to 2~ of ¥ is ¥~ and since Eg @ V'~ is orthogonal to M+, while
EnY-'B- is orthogonal to B+, we have at once that F* and G* are equal on
their domains to En¥V ! and EgqeY*, respectively.
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Now consider all elements of B(4)=R(I—Y) which are of the form
{0, 0, i+} =Y {0, 0, k*}, where k+ is in I+. By Theorem 3.8, every such
element canbe written in the form { —f-, if~, kt—k~}, where {f~, —if~} is
in 8-, &~ in M. Conversely, every element of B—(4) can be written in the
form {0, 0, k+} —Y {0, 0, &+}, where A+ is in IM+. Furthermore, we have
kt—h—=—A{f-, —if-}, k- =Fh*. Let us suppose, then, that the bound of F
is 1. Then we can choose a sequence {4} in MM+ so that |&F| =1, || —1,
n—w, where hy=Fhi. But, if {fr, —if:, ho} =Yk, this implies that
lim,.,| {fi, —ifi}|=0. Consequently, since k+—hir=A{fs, —its} and
lim, .. | k+— k| =212 it follows that 4 is unbounded.

Now let us suppose that 4 is unbounded. Then, by Theorem 3.9, 8 isa
linear manifold dense in B—, B B~. Therefore the bounded linear trans-
formation with domain 90+ which is equal on its domain to Egg oY hasan un-
bounded inverse, since otherwise its range, which according to Theorem 3.9 is
8., would be closed. Consequently, we can choose a sequence { {fi, —if:} }
in 8 such that

Iim | {77, —ifr}| =0, | Emed{fi, - ifs}] = 1.

n—ro

Let Ex+A{fs, —ifs} =hi. Then
| |2 = {fe, ifc} |2+ | Fhit |2

Thus lim,..| F+| =1, and F has the bound 1.

The analogous facts concerning G are readily established by entirely simi-
lar arguments making use of the transformation Ai? and the fact that A;?!
and A are bounded or unbounded together; we omit the details.

Since F* and G* evidently have the same bounds as F and G, respectively,
it follows that F* and G* have the bound 1 if and only if 4 is unbounded.

INow suppose that |Fit| = | EqVh*| =|kt| for some k* in IMM+. Then,
since ¥ is unitary, Eg g oY A+ =0, which clearly implies 4#*=0. Hence F never
attains the bound 1. Similar arguments serve to establish that F*, G, and G*
never attain the bound 1.

The formulas with which the theorem concludes are readily verified and
we omit detailed proofs.

4. Two types of reduction operator. We have previously had occasion to
distinguish between bounded and unbounded reduction operators. For rea-
sons which will be made clear later, it is necessary for us now to distinguish
two distinct types of unbounded reduction operator. Furthermore, although
it is not necessary, it is clarifying also to distinguish two corresponding types
of bounded reduction operator. Hence we introduce the following definition:
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DEFINITION 3.5. A reduction operator A for H* is said to be of type I if
at least one of the manifolds Bit, Bi of Theorem 3.9 contains no closed linear
manifold with the dimension number N,. Otherwise A is said to be of type IL.

THEOREM 3.12. A bounded reduction operator A is of type I if and only if
one of the manifolds B+, B~ is a unitary space.

Theorem 3.12 is an immediate consequence of the fact that when A4 is
bounded we have, according to Theorem 3.10, B/ =B+, Bi =B~.

In our investigation of the significance of Definition 3.5 for unbounded
reduction operators, the following lemma plays an essential role.

LemMA 3.1. Let $. and O: be Hilbert spaces, and let T be a closed linear
transformation with domain dense in O, and range in H.. Then a necessary and
sufficient condition that T be totally continuous is that each closed linear manifold
in its range have a finite dimension number.

We first take account of the fact that the transformation T is totally con-
tinuous if and only if 7* is,f the existence of T* being assured by the hy-
pothesis that Dr) is dense in §. But-T*= V(T T*)'2, where V is isometric; thus
T is totally continuous if and only if the nonnegative definite self-adjoint
transformation (77%)12 in &, is totally continuous; furthermore, (T7T%*).2
has the same range as 7.1 Consequently, it is sufficient to prove the lemma for
the case that $;=9.=9 and T is a nonnegative definite self-adjoint trans-
formation in §; we now restrict our attention to this case.

But even further simplification is possible. For if % denotes the manifold
of zeros of T, $&N reduces T'; and, in HON, T induces a nonnegative defi-
nite self-adjoint transformation 7', whose inverse exists; moreover, T; which
has the same range as T, and is totally continuous if and only if T is. Con-
sequently, since the trivial case that $©N is a unitary space is readily
disposed of, it is permissible to assume that the nonnegative definite trans-
formation T in § has an inverse.

We now prove the necessity of the condition for the specialization of the
lemma which we have shown to be equivalent to the general statement. Let
us suppose that T is totally continuous and that It is a closed linear manifold
in the range of T. Let % be the closed linear manifold determined by the set
into which T takes %, and observe that since T is closed and totally con-
tinuous, it is bounded and defined throughout $. Hence the transforma-
tion T with domain N-D(T), which is equal on its domain to T, is a bounded
linear transformation with domain R and range . Furthermore T'5! exists

t Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 100, Theorem 5.
{ Murray, Theorem 1.24.
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and is closed. Hence, since its domain is the entire space M, 75 is bounded.}
Consequently, if U is a bounded set in I, T3 is a bounded set in N. But,
since T is totally continuous, this implies that 11 is a compact set in 9t. There-
fore every bounded set in IR is compact, from which it follows that It has a
finite dimension number.

Now let us suppose that no closed linear manifold in %(7") has the dimen-
sion number NR,. Let EQ\) be the resolution of the identity associated with T,
and let {\,} be a monotone decreasing sequence of positive real numbers
convergent to zero and having no member belonging to the point spectrum
of T. Let E(A))=I—E(\), E(A,) =EM\.-1)—EM\,), n=2, 3, 4,--- . Then
the range M, of E(A,) reduces T, and T induces in M, a transformation T,
with bounded inverse. Moreover, T,! is closed and therefore is defined
throughout IM,. Hence M, belongs to the range of T and, in consequence, is
a unitary space. It follows that the points of the spectrum of T on the
interval \,_; SN<\, are finite in number and are all characteristic values
(the characteristic values of T,) and that each such characteristic value has
finite multiplicity. Thus the characteristic values of T all have finite multi-
plicity and can be arranged in a sequence which is bounded and has, as its
only possible limit point, the origin, while the continuous spectrum of T is
either empty or contains only the origin. (Here, since T exists, the latter
alternative must hold and the origin must be, in fact, a limit point of the
spectrum.) Since these spectral properties of 7', deduced from the hypothesis
that its range contains no Hilbert spaces, are known to be sufficient for the
total continuity of T,} the lemma stands established.

THEOREM 3.13. Let A be an unbounded reduction operator, and let
By=(A*A1)\2. Let P be the manifold on which By=1. Then for A to be of type 1
it 1s necessary and sufficient that both of the following conditions be satisfied:

t Murray, Theorem 1.25.

1 The theorem which we use here can be stated briefly as follows: If the characteristic values
other than zero of a self-adjoint transformation T each have finite multiplicity and are either finite
in number or form a bounded set with zero as its only limit point and if the continuous spectrum of T
contains no point except possibly the origin, then T is totally continuous. We find no proof of this
result in the literature, although the theorem has been stated and used by several writers. It may not
be amiss, therefore, to point out here that the theorem follows almost immediately from a theorem of
S. Banach (Théorie des Opérations Linéaires, Warsaw, 1932, p. 96, Theorem 2). The latter states that
the class of all totally continuous transformations T in a Banach space is closed in the topology defined
by setting l T— Tzl equal to the bound of 71— T,. Since the spectral properties of T described in the
theorem in question permit us to conclude that T either has a range with a finite dimension number
or is the limit in the sense of the above topology of a sequence of transformations each with that
property, and since every linear transformation whose range has a finite dimension number is obvi-
ously totally continuous, no further argument is required. Another proof of the theorem, which does
not make use of Banach’s result, has been communicated to the author by B. Lengyel.
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(1) B. induces a totally continuous transformation in the range of E4(1—0);
(2) at least one of the manifolds B+- P and B~ P is a unitary space.

Since both of the manifolds 8+ P and B~ P belong to D(B,) =D(4.),
the necessity of (2) is evident. To prove the necessity of (1), we start with
the assumption that the transformation B,, induced in the range N of
E,(1-0) by By, is not totally continuous. Then, by Lemma 3.1, there is, in
the range of B, a closed linear manifold 9%, with the dimension number N,.
Thus R, is in the domain of Bg!. Therefore, by Theorems 3.5 and 3.6, Q%
is in the domain of B;, where Q=4I on B+, Q= —1I on B~. Consequently,
9 +QN, is in the domain of Bi. But since N, is Q-symmetric and closed,
M=RT-X), ON1=R(I +X), where X is closed and isometric with domain
in 8+ and range in ¥, by Theorem 2.2. Hence D(X) and R(X) both belong
to the domain of By, and both of these manifolds are Hilbert spaces because
N is a Hilbert space. Hence, if B, is not totally continuous, 4 is of type II,
and therefore (1) is necessary as we wished to prove. ‘

We prove now the sufficiency of the two conditions. We assume first that
B+ P is a unitary space and denote by N, the range of the transformation B,
introduced above. Then, by applying Theorems 3.5 and 3.6, we can resolve
the domain of 4, according to the equation

D(41) =D(By) =N+ No + BTP + B~-P.

Now let X be the isometric transformation associated with %t by Theorem
2.2, X, the isometric transformation associated with 9%,. Then X,=X. Fur-
thermore, D(X,) contains no Hilbert spaces if N, contains no Hilbert spaces
and thus, according to Lemma 3.1, if B, is totally continuous. But
D(41) - BH=(N+0Ny) - B++B- B+, and thus Bitr =D(4,) - B+=D(X,) + P B+.
Consequently, if P-B+ is a unitary space and (1) is satisfied, B4 contains no
Hilbert spaces. On the other hand, if B8~ contains no closed linear manifold
with the dimension number 8, and (1) is satisfied, an entirely similar argu-
ment leads to the conclusion that 84 contains no closed linear manifold with
the dimension number 8,. Thus (1) and (2) are sufficient for 4 to be of type
I and the proof is complete.

THEOREM 3.14. Let Y have the same meaning as in Theorem 3.8, M it and
MM the same meaning as in Theorem 3.10. Then for a reduction operator A to
be of type 1, any of the following conditions is necessary and sufficient:

(1) At least one of the manifolds M4+, Mi~ contains no closed linear mani-
fold with the dimension number N,.

(2) Either the transformation with domain M+ whick is equal on its domain
to Eg-Y or the transformation with domain IR~ which is equal on its domain to
Eg+Y ! is totally continuous.
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(3) Either the transformation with domain B+ which is equal on its domain
to Em-Y or the transformation with domain B~ which is equal on its domain to
Eg+Y 1 is totally continuous.

By Theorem 3.10, the two transformations defined under (2) have ranges
B and B4, respectively. Thus the necessity and sufficiency of (2) follow
at once from Lemma 3.1. Furthermore, since the two transformations defined
under (3) have ranges, respectively, Mi and M i, the same lemma serves to
establish that the conditions (1) and (3) are coextensive. Thus we can com-
plete the proof by showing that (1) is necessary and sufficient, and the latter
follows at once when we recall from the proof of Theorem 3.11 that
Mi=VB4i and M4+ =V B, where V is isometric.

For use later, we introduce now the following definition:

DEerFINITION 3.6. Let A be a reduction operator of type I, and let
B,=(A*A,)Y2. Let B be the manifold on which Bi=1I, and let j and k be the
dimension numbers of B-B+ and P-B~, respectively. Then, if j exceeds k,
(j—*k, 0) is called the characteristic index of A. Otherwise, (0, k—j) is called
the characteristic index of A.

THEOREM 3.15. Let A be a bounded reduction operator of type 1, and let m
be the dimension number of M*, n the dimension number of M. Then, if n ex-
ceeds m, (n—m, 0) is the characteristic index of A; otherwise (0, m—mn) is the
characteristic index of A.

Let V be the isometric transformation with domain in 8+ and range in 8-
associated with the range 9t of E4(1—0) by Theorem 2.2. Then $+&D(V)
=P B+, B=oR(V)=P- B, by Theorems 3.5 and 2.2, and D(V) and R(V)
have the same dimension number. Furthermore, since 4 is bounded and of
type I, at least one of the manifolds 8+, B~ is a unitary space. Consequently,
since ¥+ and B~ have the same dimension numbers as I+ and M-, respec-
tively, we have at once n—m=j—k, where & and j have the same meanings
as in Definition 3.6, and the theorem follows.

To conclude this section, we state without formal proof the following theo-
rem:

THEOREM 3.16. Let A and C be equivalent reduction operators for H*. Then
A and C are either both bounded or both unbounded and either both of type I with
the same characteristic index, or both of type IL.

5. Self-adjoint extension by means of reduction operators. A fundamen-
tal problem, with which the present work is connected, is the determination
of all the self-adjoint extensions in a Hilbert space of a given symmetric trans-
formation H in §. We define here a quite different type of self-adjoint.exten-
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'sion which is obtained by extending the space $ and which is in a certain
sense—not the usual one—an “extension” of H* or of a transformation whose
closure is H*. Our construction, as well as the usual one mentioned first, is
possible if and only if H has the deficiency index (#, »).

TrEOREM 3.17. Let H be a closed symmetric transformation in a Hilbert
space O, and let H have the deficiency index (n, n), (n>0). Let ® be a complex
euclidean space with the dimension number n. Let (2 be the class of all reduction
operators A for H* which have the following properties:

(1) the range-space of A is LDE;

(2) the unitary transformation W in Q@®L, associated with A by Definition
1.1, is that which takes {h, k} into {k, —h}. ’

Let S be the class of all self-adjoint transformations S in O BL which have
the following properties:

(3) if {f, k} is in the domain of S and S{f, h} ={g, k}, then f is in the
domain of H* and H¥*f=g;

(4) the set of elements {f, H*f} of B*, such that {f, h} is in D(S) for some h,
is dense in B*;

(5) if {0, k} is in the domain of S, then h=0.

Let X be the transformation which takes § D DLBL into H DLOH DR accord-
ing to the equation

X{/, 8k kY = {f b g k}.

Then there is a one-to-one correspondence between (° and S such that, when A and
S correspond, B(S) =XB(4).

Let A be an arbitrary member of (2, and let :#=XB(4). Then N consists
of all vectors {f, k, H*f, k} in SOOH DL such that {f, H*f} is in D(A4)
and {h, k} =A{f, H*f}. Furthermore, f, and thus {f, %}, determines &
uniquely, since f determines {4, k} in 2®® uniquely through the trans-
formation A. Thus the transformation .S whose domain is the set of all ele-
ments {f, #} in § ® such that fisin D*, {f, H*f} inD(4), {h, k} =4 {f, H*f}
for some & in €, and which is defined by the equation {H*f, 2} =S{f, },isa
one-valued transformation. Furthermore, by Definition 1.1, and condition (2)
of the Theorem, S is self-adjoint, while by definition, S has the property (3).
That S has the property (4) is a consequence of the fact that ®(4) is dense in
8*. That it has the property (5) follows from the fact that 4 is one-valued.
Thus S belongs to S .

Now let .S be an arbitrary member of §. Then B(S) consists of a set of
vectors of the form {f, #, H*, k} in $®2®$ &L Furthermore, according
to (5), & and % are uniquely determined by f, and thus by {f, H*f}. Conse-
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quently the transformation A whose domain is the set of all elements
{f, H*f} of B* such that for some % and % in®, {f, H, H*f, %} is in B(S), and
which is defined by the equation 4 {f, H*f} = {4, k}, is a single-valued trans-
formation. Furthermore, since S'is linear, B(S) is linear; thus B(4) = XB(S)
is linear. Therefore A is linear. That 4A-has domain dense in B* follows from
(4); that it satisfies the other conditions of Definition 1.1 is an immediate
consequence of the fact that S is self-adjoint. Since it is readily verified that 4
has the properties (1) and (2), 4 belongs to (.

Finally, since the correspondence is described by the equation B(S)
=XB(A4), it is clear that it is one-to-one.

We conclude with the observation, readily corroborated with the aid of
Theorem 3.3, that if H has the deficiency index (n, n), (#>=0), every equiva-
lence class of reduction operators for H* has in common with the class ( of
Theorem 3.17 a subclass whose cardinal number is that of the continuum.

CHAPTER IV. BOUNDARY CONDITIONS

1. Introduction. We are now prepared to discuss in detail the fundamen-
tal problem proposed in Chapter I, §3, and various questions which arise in
connection with it.

As in Chapter III, we consider a fixed but arbitrary symmetric transfor-
mation H in § and the adjoint H* of H. We consider also a fixed but arbi-
trary reduction operator 4 for H* and its contraction 4, with domain
(B++B-) - D(4). We preserve the meanings of all the symbols introduced
in Definition 3.1 and adopt as standard the symbol M for the range-space
of A, the symbol W for the unitary transformation in I associated with 4
by Definition 1.1, and the symbols I+ and M~ for the characteristic mani-
folds of W corresponding to the characteristic values +37 and —?, respectively.
Finally, except where otherwise indicated, we continue to reserve the letter Q
for the designation of the transformation of 8++ %~ into itself which is equal
to ¢l on B+, to —zl on B~

2. Boundary conditions involving a bounded reduction operator. We first
dispose of the case that 9 is a unitary space and of the case that ¢ is a Hil-
ber space with A bounded. As we have already pointed out, sufficient infor-
mation for the solution of our problem in this case is provided by Theorem
3.2.

THEOREM 4.1. Let M be a unitary space, or let M be a Hilbert space with A
bounded. Then there is a one-to-one correspondence between the class of all closed
linear symmetric extensions S of H and the class of all closed linear W-sym-
metric manifolds N in M; S and N correspond if AB(S)=N, or, in other
words, if S=H(RN) in the sense of Definition 1.2. When S and R correspond,
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AB(S*) = (MOWN), and thus S*=H(MOWR). If (4, k) is the W-deficiency
index of N, then (k, 7) is the deficiency index of H(N). Thus H(N) is maximal
symmetric if and only if N is maximal W-symmetric and H(N) is self-adjoint
if and only if W is hypermaximal W-symmetric.

Let m and n be the dimension numbers of M+ and I, respectively. Then, if
either m or n is zero, H is maximal symmetric and, if both m and n are zero,
H is self-adjoint. If neither m nor n is zero, the class of all maximal symmetric
extensions S of H has the cardinal number of the continuum. If m=n<V,,
every maximal symmetric extension S of H is self-adjoint. If m exceeds n (m does
not exceed n), every maximal symmetric extension S of H has the deficiency index
0, m—n) (n—m, 0)). If m=n=0R, and p is an arbitrary cardinal number on
the range 0= p <R, the class of all maximal symmetric extensions of H with
the deficiency index (p, 0) ((0, p)) has the cardinal number of the continuum.

Excluding the trivial case H=H*, we consider first an arbitrary closed
symmetric extension S of H. Then

BES)cB* =D(4), AB(S) = 4,(B(S) © ).

By Theorem 1.3, the latter manifold is W-symmetric in 9%. That it is closed
is a consequence of the fact that Ai! exists and is bounded while B(S)©¥B
is closed. On the other hand, if N is an arbitrary closed linear W-symmetric
manifold in M, A7'N is, by a similar argument, a closed linear manifold in
B*oB=B++B~. Thus A7*N+B is closed; since, by Theorem 1.5, it is the
graph of a linear symmetric extension S of H, S is closed.

Consider now an arbitrary element f of the domain of S*. Then, since
WAB(S)=WNR, where S and N correspond, Af belongs to MSWN. On the
other hand, since by Theorem 3.2 the range of 4 is IR, we can determine a
solution f in B* of the equation Af =4, for every 4 in MSW R, and the solu-
tion f obviously belongs to the domain of S*. Thus AB(S*) =MOWR, or
S*=H(MoWN).

Now let V be the isometric transformation with domain in 9%+ and range
in M- such that NR=RT —V). Let Mo=MteD(V))+(M-R(V)). Let D
be the transformation with domain B(S*) which takes f into Ep Af, where
Eg,, has domain M. Let W, be the contraction of W with domain I, We
shall show that D is a reduction operator for S*. Invoking Theorem 3.1, we
can prove this by showing that the contraction D; of D with domain
B(S*)©B(S) is such that D¥=QD;'W,, and this identity is readily shown to
be equivalent to Di'=QD*W,. We shall prove the latter.

We observe first that since D, is bounded and has domain B(5*)©8(S),
DF¥ exists and has domain 9, Furthermore, since AB(S*) =MOW N and
AB(S) =N, we see that
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Di(BESH ©BES) =M WR+N) = M.

And, as S=H(R); if f is in B(S*) and D{f, S*f} =0, then 4 {f, S*f} is in N
and fis in ©(S). Consequently, we conclude that Dil, as well as D¥, exists and
has domain 9,. Therefore, to establish the identity Di'=QD{#W,, we need
only show that Di'h=QD{¥Wk for an arbitrary element % of IM,.

Let % be such an element, and let {f, S*f} =Dk Then WA {f, S*f}
=Woh+WEk, where k is in %t. Thus, for all {g, S*g} in B(S*)©B(S), we ob-
tain

(g’ S*f) - (S*g7 f) + (Ag’ Wok + Wk) =0.

But Ag=D,g+r, where » is in N. Thus, because (r, Wok+Wk)=0, and
(Ag, Wk) =0, we have

(g, S*f) — (S*g, ) + (D1g, Woh) = 0

for all {g, S*g} in B(S*)©B(S). Consequently, since by Theorem 2.8
{S*f, —f} is in B(S*)©B, Wik is in the domain of Di* and Qff, S*f}
= — D¥W oh. Therefore, since Q= —Q, we have QD*W k= Di'h.

We have thus proved that D is a reduction operator for S*. Furthermore,
the characteristic manifolds of W, for the characteristic values +7 and —z are
evidently M+oD(V) and M- R(V), respectively; and by definition, the di-
mension numbers of these manifolds are j and %, respectively, where (j, k)
is the W-deficiency index of V. Hence, by Theorem 3.7, (, ) is the deficiency
index of S=H(N). From this it follows at once that H(N) is maximal sym-
metric if and only if N is maximal W-symmetric, and that H(RN) is self-ad-
joint if and only if R is hypermaximal W-symmetric.

The assertions of the second paragraph of the theorem follow at once from
Theorem 3.7 and known results; we state them here because they also follow
at once from the assertions of the first paragraph and Theorem 2.5.

We shall find it convenient later to have the following simple facts stated
precisely:

THEOREM 4.2. There is a one-to-one correspondence between the class of all
linear Q-symmetric manifolds N in B+ +B~ and the class of all linear symmetric
extensions S of H; S and N correspond if and only if B(S) =B+ N and, when S
and N correspond,

B(S*) =B+ (BT + B~ ON).

S is closed if and only if N is a closed linear manifold and, when S is closed,
the deficiency index of S is the Q-deficiency index of N.

In so far as it applies to closed extensions .S of H and closed manifolds N,
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Theorem 4.2 can be deduced immediately from Theorem 4.1 by setting 4
equal to the reduction operator described in Theorem 2.9, the concluding
assertion concerning the deficiency index of .S requiring the additional ob-
servation that the Q-deficiency index of RN is (n, m), where (m, n) is its Q-
deficiency index. That this result can be extended to the more general one
stated in Theorem 4.2 is readily verified, and the details may be left to the
reader.

Theorems 2.7 and 4.2 contain in essence the basis of the theory of von
Neumann in which symmetric extensions of a symmetric transformation H
are determined by means of isometric extensions of its Cayley transform
(H —4I)(H+4I)™!; to perceive this one has only to note that every isometric
transformation V from 8B+ to B~ determines a unique isometric transfor-
mation X from D+ to D, and conversely, according to the equation
Vit ift) = {Xf, —iXf].

3. Unbounded reduction operators; preliminary questions. For the case
that 4 is bounded, we have in the preceding section characterized by means
of boundary conditions not only all maximal symmetric extensions of H, but
all closed symmetric extensions of H and their adjoints. In dealing with the
case that 4 is unbounded, however, it is not feasible to take in so much terri-
tory. Instead, we restrict ourselves almost entirely to the twofold problem
stated in Chapter I, §3.

In view of the fact that an unbounded reduction operator is not defined
throughout the graph of H¥, it is natural to inquire first whether or not H
has any maximal symmetric extensions S such that B(S) belongs to D(4),
and whether or not it has any self-adjoint extensions S with that property.
More generally we may ask if, given an arbitrary cardinal number p on the
range 0<p<N,, there exist symmetric extensions S of H with deficiency
index (0, p) ((p, 0)) such that B(S) ¢ D(4). For the discussion of this ques-
tion, the classification of reduction operators into types I and II described
in §4 of Chapter III is fundamental.

As we have already noted, a bounded reduction operator is of type II if
and only if H has the deficiency index (R, No). Thus, invoking the second
paragraph of Theorem 4.1, we can say that a bounded reduction operator 4
for H* has in its domain the graph of a maximal symmetric extension of H,
with arbitrary preassigned deficiency index (0, p) ((p, 0)), if and only if 4
is of type II; and, taking account of Theorem 3.15, we may add that if 4 is
of type I, every maximal symmetric S of H with B(S) ¢ D(4), has for its
deficiency index the characteristic index of 4. We shall now show that these
assertions are valid even when 4 is unbounded.
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THEOREM 4.3. Let A be of type 11, bounded or unbounded, and let p be an
arbitrary cardinal number on the range 0 < p <N ,. Then the class of all maximal
symmetric eitensions S of H with the deficiency index (0, p) ((p, 0)) such that
B(S) belongs to D(A) has the cardinal number ¢ of the continuum and coincides
with the class of all maximal symmetric extensions S of H with deficiency index
(p,0) ((0, p)) if and only if A is bounded.

As we have just observed, if 4 is bounded, H has the deficiency index
(R, Ny) and, as we know, D(4) =B(H*); thus every maximal symmetric
extension S of H has its graph in D(4), and the subclass of extensions S with
deficiency index (0, ) ((p, 0)) has the cardinal number of the continuum.

Turning to the case that A4 is unbounded, we note first that the class of all
symmetric extensions S of H, with deficiency index (0, p) ((p, 0)) has the
cardinal number ¢. Hence the cardinal number of the subclass whose mem-
bers S satisfy the condition B(S) € D(4) cannot be greater than c, so that
we need only show that it is at least as great. Moreover, to establish the
latter it is sufficient to exhibit a symmetric extension 7" of H with deficiency
index (N,, 8y) such that B(T*) cD(4); for the class of all symmetric ex-
tensions S of T, with deficiency index (0, p) ((p, 0)) has the cardinal numberc,
and, if S is such a transformation, B(S) ¢ B(T*) cD(4).

We now proceed to construct the transformation 7. Again we denote by
N the range of E4(1—0) and by P the manifold on which (4:*4,)! is equal
to I. Then, if - B+ and P- B~ are both Hilbert spaces, the extension T whose
graph is 8+N is symmetric and has the deficiency index (o, N¢) by Theo-
rem 4.2, since N is Q-symmetric and has the Q-deficiency index (N,, Ny);
furthermore B(T*) c D(4).

Now let us assume that at least one of the manifolds $-B+ and P-B~ is
a unitary space. Then, according to Theorem 3.13, the transformation in-
duced in N by (A4*4,)"2 is not totally continuous and thus, by Lemma 3.1,
has in its range a closed linear manifold 9%, with the dimension number N,.
Furthermore, N; is clearly Q-symmetric because % is, and QMN, is in D(4)
by Theorems 3.5 and 3.6. Thus R, +QMN; is in D(4). But, applying Theorem
2.2, we see that M +0Ni=D(X)+R(X), where Mi=R{I —X) and X is a
closed isometric transformation with domain in 8+ and range in %~. Thus
D(X) € D(4) and R(X) € D(A4). Moreover, since N, is a Hilbert space, D(X)
and R(X) must be Hilbert spaces. Now let T be the transformation in $
whose graph is 83+ (NS N,). Then by Theorem 4.2, since RSN, is closed
linear Q-symmetric, 7 is a closed linear symmetric extension of H. Further-
more,

B(T*) =B+ NS N) +DX) +RX) +FP,
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and therefore T has the deficiency index (N, N;) while B(7T*) cD(4), as we
wished to show.

To complete the proof of the theorem it is necessary only to show that
when A is unbounded, there exist maximal symmetric extensions S of H,
with deficiency index (0, p) ((p, 0)) such that B(S) ¢ D(4). To construct such
an extension .S, we start with a symmetric extension S, of H with the desired
deficiency index but such that B(S:) € ©(4) and denote by X, the isometric
transformation with domain in 8+ and range in 8~ such that B(S))©93
=R —X1). Then either D(X;) =B+ or R(X,)=B~. Furthermore, since
R(I—X,) €D(A), {ft, ift} in D(X,) belongs to B =B+ -D(4) if and only
if X;{f*, if+} belongs to B =B~-D(4). Thus we can determine an element
{f+, ift} of D(X1) such that neither {f+, if*} nor X.{f*, if+} belongs to
D(A). Therefore, since (I —X,) {f*, if*} belongs to D(4), (I+X,) {f*, if+}
is not contained in D(4). Consequently, if X is the transformation with do-
main D(X;) which is equal to —X; on the manifold deterrnined by {f*, if*}
and to X; on the manifold in D(X,) perpendicular to {f*, if*}, then
B+R( —X) is the graph of a symmetric extension S of H with the same
deficiency index as S; and B(S) ¢ D(4).

The proof of the theorem is thus complete..

We turn now to unbounded operators of type I, beginning with a neces-
sary lemma.

LeEmMA 4.1. Let @ be a Hilbert space and V a closed isometric transformation
in &, with deficiency index (§, k), j=k. Then the range of I —V contains a Hil-
bert space—that is, a closed linear manifold with the dimension number N,.

We denote by & the manifold on which V' =1. Then it is readily shown
that R(I—V)E20%. Now let V, be the transformation with domain
(221 -D(V) which is equal on its domain to V. Then R(V;) € 26¢,. Thus,
since 2, €¢D(V) and e R(V), V, is an isometric transformation in QY
with the deficiency index (7, £). Moreover, since j= £, &€, is clearly a Hil-
bert space.

We now determine in 6%, a maximal symmetric extension V, of V,
such that (I—V,)~! exists; for this construction it is necessary only to
choose a maximal isometric transformation V; from (Re&)eD(V:) to
(o) O R(V,) such that V=TI at any point of its domain and then to
define Vo=V, on D(Vy), Vo=V; on D(V;). Evidently the deficiency index
of V, in 2048, is either (j—#, 0) or (0, £—7), according as j does or does not
exceed k.

Next we observe that I — V, has range dense in R&&,. For, if (f—V,f, g) =0
for all f in D(V,) and some g in L&, we have (f, g) = (Vaf, g) and this is
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readily shown to imply g= Vg, which in turn implies g=0. Consequently
Se=([+V2)(I—V,:)!is a maximal symmetric transformation in &% and

S22 .81 = (I + Vl)(I - Vl)—'lo'l'

Furthermore, applying Theorems 2.7 and 2.3, we have B(S:) ©8(S1) = B(Ss),
where S3=(I+4V3)(I=V3)' and V; has the same meaning as above. More-
over, B(S) is a unitary space, because its dimension number is the minimum
of 7 and % and, since j> %, the minimum of the two is finite.

Now let us suppose that ©(S:) contains a Hilbert space 2, and denote
by S the contraction of S;, with domain &. Then S, is evidently closed and
B(S,) is thus a closed linear manifold in B(S:). Let T be the transformation
with domain $B(S,) and range in B(S;) which takes each element of its do-
main into the projection of that element on B(Ss), let N be the manifold of
zeros of T, and let My =B(S,) ©N. Then the dimension number of N, is
clearly not greater than that of 8(Ss). Thus, since B(S,) is a Hilbert space
and B(S;) a unitary space, Mt must be a Hilbert space. Moreover,
N=B(S4) -B(S1) and is evidently the graph of a closed linear transforma-
tion S5, S5 S1, S5 €54 But Sy, having domain the closed space £, and being
closed itself, is therefore bounded.} Hence S5 is bounded; therefore, since S
is also closed, D(Ss) is a closed linear manifold. Furthermore, D(S;) has the
dimension number N,, because B(S;) has that dimension number, and

D(S) €D(S) = KU — V1) = R — V).

In consequence of the result just obtained, it is necessary for the comple-
tion of the proof only to show that the domain of the maximal symmetric
transformation .S, contains a Hilbert space €. To prove this we first recall
that since S; is maximal symmetric and not self-adjoint, there is a Hil-
bert space €; which reduces S; and in which S; induces an elementary sym-
metric transformation.§ Therefore, by definition, in 83, Se=(I+X)(I —X)1,
where X is defined in @5, in terms of some complete orthonormal set {¢.},
n=1,2,3, -, by the equations X¢,=¢np, n=1,2, 3,---, or by the
equations X¢p=¢n1, #=2, 3, - - - .|| From this fact it is evident that the
orthonormal set { (¢.—¢.—1)/2},#=2,3, - - -, determines a Hilbert space 2
which belongs to R(I — X) and thus to D(S:). Consequently the lemma is true
as stated.

t Stone, Theorems 9.1 and 9.2.

1 Murray, Theorem 1.25.

§ Stone, Theorem 9.10.

|| Stone, Theorem 9.9 and Definition 9.6.
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THEOREM 4.4. Let A be a reduction operator of type 1. Then, if H is not
maximal symmetric, the class of all maximal symmetric extensions S of H such
that B(S) € D(A) has the cardinal number ¢ of the continuum and coincides with
the class of all maximal symmetric extensions S of H if and only if A is bounded.
If S is a maximal symmetric extension of H such that B(S) c D(A), then the
deficiency index of S is the characteristic index of A. If A is unbounded, there
exist maximal symmetric extensions S of H with this deficiency index such that

B(S) ¢ D(A).

If 4 is bounded, D(4) =B(H*), and every maximal symmetric extension
S of H has its graph in D(4); furthermore, if H is not maximal, the cardinal
number of the class of all such extensions S is the cardinal number ¢ of the
continuum, by Theorem 4.1. That every such extension has for its deficiency
index the characteristic index of A follows from Theorems 3.15 and 4.1.

Now let A be unbounded. Invoking an argument like that used in the
proof of Theorem 4.3, we can prove that the class defined in the theorem has
the cardinal number ¢ by exhibiting a subclass with that cardinal number.
Moreover, for this purpose it is clearly sufficient to construct a closed sym-
metric extension S; of H, which is not maximal and which satisfies the condi-
tion B(S¥) e D(4).

To construct Sy, we start with the transformation S; whose graph is 1+ %
where N is the range of E4(1—0). Then by Theorem 4.2, if P is the manifold
on which (4¥4,)'2=1, S; is a closed symmetric extension of H with the defi-
ciency index (4, k), where j and % are the dimension numbers of $-8+ and
PB- B, respectively. Furthermore, since B4 contains P-B+ and is dense in
B+, (B+oB+- P)- B4t contains an element {f+, if+} 0. Now let X, be the
isometric transformation with domain (B+& %8+ P) and range (3-8~ P)
such that =RN(I —X,), and let X; be the contraction of X. whose domain
is the set of elements of D(X;) orthogonal to {f*, if+}. Then by Theorem 4.2,
B+R(I —X,) is the graph of a symmetric extension S; of S and

BESH) =B+ RI — X)) + B3P + BB + Bit + Br,

where Bit is the linear manifold determined by {f*, if+}, 81 the linear mani-
fold determined by X, {f+,if+}. Moreover, since {f*, if*} and (I — X) {f+, if*+}
belong to D(4), X, {f*, ift} does also. Thus B(S¥) ¢ D(4). Therefore, since:
S1 clearly has the deficiency index (j+1, k41), the class of maximal sym-
metric extensions .S of H such that B(S) ¢ ©(4) has the cardinal number c.
To prove that every such extension has the deficiency index stated in the
theorem we note first that every maximal symmetric extension .S, of the
transformation S just constructed, has for its deficiency index the character-




414 J. W. CALKIN [May

istic index of A4 (that is, either (j—%, 0) or (0, £—j) according as j does or
does not exceed k). Let S be such an extension, and let 8(S)©8=RT - X),
where X is the closed isometric transformation with domain in 8+ and range
in B, which exists in accordance with Theorems 4.2 and 2.2. Let T be an-
other maximal symmetric extension of H such that B(7) cD(4), and let
B(T)oB=RI—Y) where Y is closed isometric with domain in B+ and
range in B-.. Then, since both R(/—X) and R(I—Y) belong to D(4),
R(X —Y) belongs to D(4). Moreover,

RI—-X) =R — X)X =RUJT - X7

and, similarly,
RI—-Y)=RUI - Y7,

so that R(X1—Y-1) belongs to D(4) also. Thus R(X—VY) is in B4+ and
R(X1—Y?) is in B4t Furthermore,

RX—-Y)=R((X -V =RUI - XV

and
RX — V) = RUX' — VY )X) = RU — V1X).

Now let us suppose that the deficiency index of S is (0, ) and that of
T is (¢, 0). Then XV !is a maximal isometric transformation in 8~ with defi-
ciency index (0, p+¢) and ¥~'X is a maximal symmetric transformation
in B+ with the same deficiency index. Hence, since R(/ —XV-!) € B, and
RUI—-Y1X)E B, it follows, from Lemma 4.1 and the hypothesis that 4
is of type I, that p=¢=0. Moreover, by an entirely similar argument, the
assumption that S has the deficiency index (p, 0) and T the deficiency index
(0, ¢) leads to the same conclusion.

Next let us assume that S has the deficiency index (p, 0), T the deficiency
index (g, 0); then Y—1X has the deficiency index (p, g). Let us assume p>=g.
Then, by Lemma 4.1, since 84 2 R(/ —¥Y'X), B4t contains a Hilbert space
B;+. Furthermore, since either p or ¢ is finite, either 3+6D(X) or B+oD(Y)
is a unitary space. Therefore, by an argument like one used in the proof of
Lemma 4.1, either D(X) - B or D(¥) - B3+ is a Hilbert space B3 Moreover,
since R —X), RI —Y), and B;* belong to D(4), either X or V takes B+
into a Hilbert space in 84 But this is evidently a contradiction of the hypo-
thesis that 4 is of type I, and we conclude in consequence that the assumption
p5=q is untenable.

Since the case that S and T have deficiency indices (0, ) and (0, ¢), re-
spectively, can evidently be handled in a manner entirely similar to the
above, we conclude that 7" has the same deficiency index as S.
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To complete the proof, it is now only necessary to show that when 4 is
unbounded there exists a maximal symmetric extension S of H, whose defi-
ciency index is the characteristic index of A and whose graph is not in D(4).
A method for the proof of this, however, has already been used in proving a
similar assertion in Theorem 4.2; we leave the details here to the reader.

We now prove a theorem which establishes the significance of the second
part of our fundamental problem, stated in Chapter I, §3.

THEOREM 4.5. Let A be unbounded, and let p be an arbitrary cardinal num-
ber on the range 0< p <N . Let S be an arbitrary maximal symmetric extension
of H. Then B(S)-D(A) is the graph of a symmetric extension S4 of H. The class
of all maximal symmetric extensions S of H, with the deficiency index (0, p)
((p, 0)), such that S4£ S, Sa=S, has the cardinal number ¢ of the continuum.

The first assertion of the theorem is obvious. To prove the second, we ob-
serve first that, since the linear manifold 8i+=9(4)- B+ is dense in B+ and
the linear manifold B =9D(4)-B~ is dense in B—, we can choose in B4 an
orthonormal set {f#, if#} complete in B+ and in B an orthonormal set
{f+, —ifs} complete in B~. Hence if V is the closed isometric transformation
defined in terms of the two sets by the equation

Vi ift) = {fam — ifms),  V{fde i) = {fm — 7)),

B+R(I—V) is clearly the graph of a maximal symmetric extension .S of H,
with deficiency index (0, p) ((p, 0)), such that the transformation S, defined
in the theorem has S for its closure. Moreover, the class of all transformations
S which can be constructed in this way evidently has the cardinal number c.
Finally, if S=S4, the transformation T whose graph is 8+ (/4 V) obviously
has the same deficiency index as .S and satisfies the conditions T4 T, T4=T.
Thus, again taking account of the fact that the class of all maximal symmetric
extensions of H with deficiency index (0, ) ((p, 0)) has the cardinal numberc,
we conclude that the class defined in the theorem has the same cardinal num-
ber.

It is to be emphasized that when 4 is unbounded, the maximal symmetric
extensions of H described in Theorems 4.3, 4.4, and 4.5, do not exhaust the
class of all maximal symmetric extensions of H. We now indicate briefly the
wide range of other possibilities.

We begin by considering an arbitrary maximal symmetric extension S,
of H such that B(S1) € D(4). For simplicity, let us assume that the deficiency
index of S, is (0, p). Then B(S)©B=R({I —X), where X is isometric with
domain B+ and range in B~. Now let T be any self-adjoint transformation
in 8+, and let V= (T —4I)(T+4I)~*. Then V is unitary in 8+, and Y =XV
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is isometric with domain 8+ and range in 8. Thus, by Theorems 2.2 and 4.2,
B+RI—-Y)=B+R(I — Y1) is the graph of a maximal symmetric extension
S of H. Furthermore, for every % in R(Y)=R(X), we have

h— Y 'h=(h—X"'h)+ (Xh— VX 'h).

Consequently since (I — X~1) is in D(4) by hypothesis, z— V1A is in D(4)
if and only if (X-%2—V-1X-1%) is in D(4) and thus in B4 =D(4) B+ But
RX) =Bt and RUI —V-1)=D(T). Therefore B(S) cD(4) if and only if
D(T)E B4+ and B(S)-D(A) is dense in B(S) if and only if T is the closure
of a transformation 7', with domain in 8.

Evidently, when 4 is unbounded 7" can be chosen in a wide variety of
ways so that neither of these conditions is satisfied; in particular, we can
proceed as follows. According to Theorem 3.10, B4 is the range of a
closed transformation M with domain 9%-, such that M~! exists. Hence
To= (M- (M*)"1)12 is a self-adjoint transformation with domain B4. Fur-
thermore, if 4 is unbounded, B4 =B+ and T, is unbounded. Consequently
there exists a unitary transformation U in 8+ such that D(UT,U-1)-D(Ty)
=9. Let T=UT,U .} Then, if S is the maximal symmetric extension of H
determined by T and the extension S, of H in the manner described immedi-
ately above, we clearly have B(S) - ©(4) =9B. Thus, since an entirely similar
procedure is possible if the transformation S; has the deficiency index (p, 0),
we can state the following theorem:

THEOREM 4.6. If A is an unbounded reduction operator, there exist maximal
symmetric extensions S of H such that B(S) and D(A) intersect only on the
graph of H.

Further light on the pathological aspects of the theory of unbounded re-
duction operators is provided by the following theorem which was communi-
cated to the author by J. von Neumann: If H has the deficiency index
Ny, Ny), there exist unbounded reduction operators 4 and C for H* such
that D(4) -D(C) =9B. In fact, it can be shown that the operator 4 can be an
arbitrary unbounded reduction operator for H* and C determined so that
D(A4) - D(C)=%B. Thus Theorem 4.6 can be obtained as a consequence of
Theorems 4.3 and 4.4.

4. Boundary conditions involving an arbitrary reduction operator. We
now return to the consideration of the maximal symmetric extensions of H
described in Theorems 4.3, 4.4, and 4.5. According to Theorems 1.2 and 1.3,
each such extension .S, or a transformation S, whose closure is S, can be de-

t Von Neumann, Journal fiir die reine und angewandte Mathematik (Crelle), vol. 161 (1929),
pp. 208-236; Theorem 17.
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fined by means of a boundary condition of the kind described in Definition
1.2. In order to describe what special properties of the boundary condition
are equivalent to the maximal property of the transformation S, it is con-
venient to vary slightly our previous notation.

DEFINITION 4.1. Let N be a linear W-symmetric manifold in I, and let V
be the isometric transformation with domain in M+ and range in IM—, such that
N=RUT —V) associated with N by Theorem 2.2. Then H(V) denotes the same
transformation as H(N), where H(N) is the operator defined in Definition 1.2.

THEOREM 4.7. The transformation H(V) of Definition 4.1 is a linear sym-
metric extension of H. If S is an arbitrary linear symmetric extension of H such
that B(S) SD(A), there exists an isometric transformation V with domain in M+
and range in M~ such that S=H(V).

Theorem 4.7 is essentially only a restatement of Theorem 1.5.

We emphasize that H(V,)=H(V,) does not imply V,=V,. For example,
V1 can be the transformation whose domain contains only the element 0 of
M+, while V, has for its domain the linear manifold determined by an element
htof M+ such that st — Vyhtisnotin R(A4). We then have H=H(V,) =H(V5).

THEOREM 4.8. Let F be the transformation defined in Theorem 3.11, and let
Mit and M i have the same meanings as in Theorem 3.8. Then a necessary and
sufficient condition that the transformation H(V) of Definition 4.1 be maximal
symmelric with deficiency index (0, p) ((p, 0)) is that R(V—-F)2Mi
R(VL=F*)2MM4it). Thus H(V) is self-adjoint if and only if R(V—F)2 M4+
and R(V1—F*) 2 Mt

If S is an arbitrary maximal symmetric extension of H and B(S) €D(4),
there exists one and only one closed isometric transformation V from M+ to M~
such that the boundary condition Af ¢ R(I—V) is nondegenerate and such that
S=H(V).

Our initial step in the proof of the first portion of the theorem is purely
formal, leading to an equation on which the proof is based. We consider an
arbitrary element {f, H*f, Af} of B(4) such that Af ¢ R(I — V) and set

Af = bt — Vht,
U HOOfY = £ ity — XU ift) + {fo, Hfof

X being the unique isometric transformation from 8B+ to B~ such that
RUI—X)=B(S) - (Bt+B), whose existence is assured by Theorems 4.2 and
2.2. We then apply Theorem 3.9 to write

U, B, AfY = {f, HY, Af}) = {f~ — if Af} + {fo, Hfo, 0},
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where the first component on the right is in 8_(4), the second in B-(4).
Recalling that Af_ is in It~, and comparing the first and third equations
above, we have
—Af- = k¥ — Fh+,  Af-= — (V — F)k*.

Likewise, comparing the second and third, we obtain

(o B} = {1 it =Gl i), =i} = X =07, i,
where G has the same meaning as in Theorem 3.11. Consequently,
(4.1) A4 = G){fY, ift} = — (V = Pyt
for all {f+, if+} in D(X) or, to put it differently, for all #* in D(V) such that

Kt —Vit e R(A).
Thus from (4.1) we have

(4.2) A - GDX)ER(V —F).
Furthermore A7 and (I —G)~! exist; so we may write
(4.3) DX)E (I —G) AT R(V — F)-R(4)].
But, if (V—F)ktis in (4), then
(I = V)bt = (I — F)k+ — (V — F)k*
is also, since (I —F)k* is in R(A4) by definition of F. Therefore (4.3) becomes
4.4 DX) = (I -G MU RV — F)- M),

where we have made use of the relations R(V—F) € M—, Mi=M—-R(4);
in addition, we can evidently replace (4.2) by

(4.5) AT —G)D(X) =RV —F)- M4

But, by Theorem 3.11, (3), 4:(I —G)B+=Mi, and besides, it is clear that
Bt=(I—G)'Ar'M+i. Consequently we conclude from equations (4.4) and
(4.5) that D(X) =9+ if and only if R(V —F)- M =M; that is to say, if
and only if R(V —F) 2M ;. Moreover, D(X) =B+ if and only if R(I — X)) is
maximal Q-symmetric with Q-deficiency index (0, ). Hence, by Theorem 4.2,
H(V) has deficiency index (0, p) if and only if R(V —F)2M.i, as we wished
to prove.

On the other hand, if we make use of the resolution {f, H(V)f, Af}
= {fy, H*+, Af.} +{f*, ift, Af+} + {fo, Hfo, 0}, where the first component
is in B,(4), and the second in B+(A4), also provided in Theorem 3.9, an en-
tirely similar argument yields the result that H(V) has deficiency index (p, 0)
if and only-if R(V1—F*) 29 i*. We leave the details here to the reader.
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Since H(V) is self-adjoint if and only if it has deficiency index (0, 0), the
concluding assertion of the first paragraph of the theorem follows at once.

To prove the proposition formulated in the second paragraph of the
theorem, we consider an arbitrary maximal symmetric extension S of H,
B(S) € D(4), and denote by RN the closure of AB(S). Then, if V is the iso-
metric transformation from I+ to M~ such that NR=RT —V), V is closed
by Theorem 2.2, S=H(V), and the boundary condition Af ¢ R(I — V) is obvi-
ously nondegenerate since AB(S) has R(I — V) for its closure. Now suppose
that S=H(V,) and that V; is closed. Then R(I—V,) is closed and, since
RUIT—-V1)249B(S), we have R(I—V,) 2RI —V). Hence, by Theorem 2.2,
Vi2 V. Butif V, 2V, D(V1) contains an element %<0 perpendicular to D(V)
and % —Vk is thus perpendicular to R(Z — V). Furthermore there can be no
element in R(I —V,) - R(A) which is not in R(I — V), since otherwise S would
not be maximal. Therefore V; 2 V implies that the condition Af ¢ R(/ — V1) is
degenerate, and the proof is complete.

That when A4 is unbounded there do exist degenerate boundary conditions
defining maximal symmetric extensions of H will be proved in the next sec-
tion.

It is now easy to prove, by arguments of the same tenor as those used to
establish the first portion of the preceding theorem, the following state-
ment:

‘THEOREM 4.9. A necessary and sufficient condition that the transformation
H(V) of Definition 4.1 have a maximal symmetric closure with deficiency index
(0, p) ((p, 0)) is that the transformation H(R(V —F)) kave H(M™) for its clo-
sure (that the transformation H(R(V-'—F¥*)) have H(MY) for its closure).

We leave the demonstration to the reader, pausing only to point out that
H(M+) —il and H(M~) +1I both have bounded inverses, each with domain
9, so that H(M*) and H(M~) are necessarily closed.

As we shall show later, it is possible to have H (V) =H(V5), V1% V., while
H(V)) is maximal. In view of this situation, it is desirable to supplement
Theorem 4.9 with the following proposition:

THEOREM 4.10. Let S be an arbitrary maximal symmetric extension of H
such that B(S) - D(A) has B(S) for its closure and let S, be the contraction of S
with graph B(S) -D(A). Then S4=S and there exists one and only one closed
isometric transformation V with the following properties:

(1) the boundary condition Af € R(I —V) is nondegenerate;

(2) for every proper isometric extension V from I+ to M~ of V, the bound-
ary condition Af e R(I—V,) is degenerate;

(3)- Sa=H(V).
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The relation S,=35 follows at once from the fact that the closure of the
graph of S, is the graph of S.

Now let 9N be the closure of AB(S4). Then, by Theorem 2.2, there exists
a closed isometric transformation V from MM+ to <M~ such that N=R{T —V).
Thus the condition Af e R(I — V) is nondegenerate and S,=H(V), so that (1)
and (3) are satisfied.

Now suppose V € V; and the condition Af ¢ R(I — V) is nondegenerate.
Then there must exist an element 4+ of D(V;) which is not in D(V), such
that #+—Vk+ is in R(4). Hence H(V,) > H(V), and, since H(V) is maximal
symmetric, H(V,)=H(V). But then S=H(V,) and, since S,=H(V) and the
graph of H(V,) is in ©(4), we have, by definition of S4, H(V) 2 H(V,), which
is incompatible with the inequality H(V,) > H(V). Consequently, we must
conclude that the condition Af e R(I — V) is degenerate; therefore (2) is satis-
fied by the transformation V.

To conclude the proof, we have only to note that if V, is an arbitrary
closed isometric transformation from I+ to M~ such that S,=H(V,), we
have clearly V,2V; hence, since we have already shown that ¥V € V, implies
that the condition Af ¢ R(I —V)) is degenerate, there exists only one closed
isometric transformation V satisfying conditions (1)-(3).

Itis tobe emphasized that the equations R(V — F) = I—, R(V-1— F*) = M+
are necessary but not sufficient, respectively, for the conditions

HRW —F) = HW), HRE — F*) = HM)

of Theorem 4.9. A portion of the interest of the following theorem derives
from this fact.

THEOREM 4.11. Let V be an isometric transformation from M+ to M~, and
let F have the same meaning as in Theorem 3.11. Let Kv be the transformation
(I—VF*)"Y(V—F). Then if (M-0R(Kv)) - Mi =90, H(V) is maximal sym-
metric with deficiency index (0, p) and if (M+rOD(Kv)) - Ms =90, H(V) is
maximal symmetric with deficiency index (p, 0); furthermore, if X is the iso-
metric transformation from B+ to B~ such that

BHT)) (B +B7) = RUI — X),

then D(X) - B+ is dense in D(X) and R(X) - B.i is dense in R(X).
Finally, all of the preceding statements remain true if Ky is the transforma-
tion (V-1—F*)"Y(I-V-'F).

Let A+ be an arbitrary element of the domain of

Ky = (I — VF~Y(V — F).
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and let 2~ =Kvyh*. Then (V—F)kt=Fk~ and (I —VF*)h—=Fk~, where k~ is
some element of M—. Thus

Vit — Fht

b= — VF*h-,
or
V(ht + F*h~™) = b~ + Fht.
Therefore
B+ + F*h— — b~ — Fh+ = (bt — Fi*) — (h- — F*h-)
is in {(I — V). Furthermore, by the definition of F and F* in Theorem 3.11,
kt*—Fhk* and h~—F*h~ are in R(4), Ai'(k*—Fhk*) is in 8B4, and
Ar'(h~—F*7) in B4 Hence, if {f~, —if~} =Ar'(k+—Fh*) and {f*, if+}
=A7 (h~—F*h~), then (bt —Fkt) — (b~ —F*h~) is in R(4)-R{I —V) and
AT (0 = Fit) — (= = F*i0)] = {f, — if~} = {1, ift}
is in B(H(V)). Thus {f+, if*} isin D(X) and {f-, —if-} =X {f*, if*}, where
X has the meaning given in the theorem. In consequence of this result, we
have the relations

(4.6) D(X) - BiF 247 — FHR(Kv),
4.7 R(X) - Bi247'(I — F)D(Ky).
Now let {g*, ig*} be an element of B+ such that
(f*, ig") — (it %) = — i({s+, i), {gt it =0
for all {f*, if*} in D(X) B4 and thus, in view of (4.6), for all {f*, if+} which
are in A7'(I —F¥)R(Kv). Then if {g-, —ig~} =G{g*, ig*}, we have
(ff, gt +ig) — (ifY, g7 —¢) = 0.
Hence, from our fundamental formula, since {g+ —g=, ig*+ig—} is in D(4),
we have

(A{f*, ift}, WA{lgr — g, igt — ig™}) = 0,
for all A {f+,ift} in (I —F*)R(K). But WA {g+—g~, igt—ig~} is in M., by
Theorem 3.11, (3), and R(F*) is in M+ =M S M. Thus, if
Do R(Ky) Mi =9,
we must have
WA{gt — ¢, igt — ig™} =0,

whence it follows at once that {g*, ig+} =0. Hence, if

(M- O R(Ky)-Mi =0,
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then D(X)-Bi has B+ for its closure. Therefore B+ =T(X), and, by Theo-
rems 2.2 and 4.2, H(V) is maximal symmetric with deficiency index (0, p), as
we wished to prove. Moreover, R(X) -84 is clearly X [©(X)-8.4"] and there-
fore has R(X) for its closure; since we have already shown that D(X) is the
closure of D(X) - B.it. ’

Thus our statements concerning the condition (M-OR(Ky) - Mi =O are
completely established, for Ky=(—VF*)~}(V—F). Since the condition
(M+OD(Kv)) - Mit =9 can be discussed along entirely similar lines, making
use of the relation (4.7) instead of (4.6), we leave this portion of the argument
to the reader.

Now let us suppose that Ky =(V-1—F*)-}(I—V-'F). Again let 2* be an
element of the domain of Ky and let s~ = Kvyh+. Then (I —V-'F)k*=Fk* and
(V'—F*)h~ =kt, where k* is some element of M*. Then

ht — V7'Fht = Vb~ — F*h~,
or

V-'(h~ + Fh+) = kt + F*h-,
and

(k= + Fht) = V(h+ 4+ F*h7).
Since this is an equation which occurs in the proof for the case
Ky = (I — VF¥~(V — F),

and which, together with arguments not involving Kv, leads to the relations
(4.6) and (4.7), the rest of the demonstration now proceeds as before.

While we have not investigated all the questions involved, the indica-
tions are that Theorem 4.11 has no precise converse: as far as we can deter-
mine, it is possible to have H(V)=H(V)), V.i#V, while V, but not Vi,
satisfies one of the conditions of Theorem 4.10. We do, however, have the
following theorem:

THEOREM 4.12. Let S and S4 be as in Theorem 4.10, and let V be the isomet-
ric transformation from M+ to M~ associated with S by that theorem. Let X be the
isometric transformation from B+ to B such that R(I — X) =B(S4) - (B++B),
and let D(X) - B4+ be dense in D(X), or, equivalently, let R(X) - Bi be dense in
R(X). Let V, be an arbitrary maximal isometric transformation from I+ to M-
such that V.2V, and let Ky, be either

I = VFYY (V. —F)

or

(V-1 — F¥)=Y(I — V-'F)




1939] SYMMETRIC BOUNDARY CONDITIONS 423

according as D(V1) =M+ or not. Then
(@ OR(Kv,) D = O
if the deficiency index of S is (0, p), and
M+ ©D(Kyy)) Mit = O
if the deficiency index of S is (p, 0).
‘Let {f+, if*} be an arbitrary element of D(X)- B4, and let
{rm =i} = xtr i)
Then {f+—f-, ift+if-} is in D(4) and
Alrr = £+ i) = Al it} — Al — i
= — b~ + F*h~ + k* — Fht,
where ki~ isin -, &+ in M+. But {f+—f-, ift+if~} isin B(S) also; so we have
b=+ Fht = Vy(F*h~ + k).
Thus, if D(V,) =M+,
b=+ Fht = ViF*h~ + Vikt,
or, solving for %,
h= I — ViF*(Vy, — F)ht = Ky, ht.
On the other hand, if D(V,) =M+, we must have R(V,) =M, so that
Vith— 4+ Vi'Fht = F*h + h*+.
Thus, solving for %4~, we have in this case
k== (Vi! — F¥~\(I — Vi'F)h* = Ky h+.
Therefore, in both cases, 4~ =Ky A*. .
Now let &~ be an element of 9t~ which is perpendicular to %(Kv,). Then,
if A7'k—={g+—g-, igt+ig~}, we have
(fryagt+ig) — Gftgt—g)=— (b —F*h~,Wk™) = — i(h~ — F*h—, k),
where f+ and /4~ have the same meanings as above; and this equation is equiv-
alent to

(f*, ig*) — (ff, g4) = — i(h, k),
since F*h~ is in MM+. Hence, since &~ is perpendicular to R(Ky,),

({r+ ift), {g igt)) = o.
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Now suppose that S has deficiency index (0, p). Then D(X) =B+. Hence,
if D(X) - B4+ is dense in D(X), we must have {g+,ig+} =0, since {f*, if*} isan
arbitrary elementin D (X) - B4+ Therefore .~ =0and (M-SR (Kv,))) - Mi =9,
as we wished to prove.

On the other hand, if S has deficiency index (p, 0), then R(X)=%B";and an
entirely similar argument leads to the conclusion (MO D(Ky,)) Mit=9O.

Finally, we note that if R(7 —X) €D(4), then X {f*, if*} is in B when-
ever {f+, if+} is in B4. Hence R(X) is clearly the closure of ®(X) - B when-
ever D(X) is the closure of D(X)-B.it, as indicated in the theorem.

All of the Theorems 4.8-4.12 apply, of course, to the case in which 4 is
bounded as well as to the case in which 4 is unbounded. For the former case,
however, they are superficial, in view of Theorem 4.1, whereas in the latter
they are not. The reason for this is to be found in Theorem 3.11, which tells
us that the transformation F has a bound less than unity when 4 is bounded,
and the bound unity which it never attains when A4 is unbounded. Conse-
quently, if 4 is bounded and V is an arbitrary isometric transformation from
M+ to M-, V —F and V-1 — F* have bounded inverses. On the other hand, if 4
is unbounded, (V' —F)~! and (V! —F*)~! always exist, but are in general un-
bounded.

5. Pathology of unbounded reduction operators. We now examine cer-
tain pathological aspects of the behavior of discontinuous reduction opera-
tors, with a view to revealing more clearly the significance of the results of
the preceding section.

To begin, we state and prove three lemmas, the roles of which will become
clear later.

LeMuMA 4.2, Let D be the domain, everywhere dense in a Hilbert space R, of a
closed linear unbounded transformation R with range in a Hilbert space . T hen
there exists a Hilbert space W in & such that1-D=9.

If R has range R0 and R~ exists, then the set of elements f of D(R*) for which
R*f is in RO, is dense in L,.

According to a theorem previously noted, we can determine a self-adjoint
transformation T in £, with domain ©.t Furthermore, there must exist two
Hilbert spaces & and &, & +2 =8, both of which reduce 7. Let T be the
transformation induced by T in &, (k=1, 2). Then at least one of the trans-
formations T, T, say T\, is unbounded. Let T'; be the linear transformation
in € which is equal to T, in &, to I in &. Then T is clearly unbounded self-
adjoint and D(T'3)2D(T), D(T'5) 2 L. Furthermore, there exists a unitary
transformation U in € such that UD(T;) and D(Ts) intersect only in the

t Murray, Theorem 1.24.




1939] SYMMETRIC BOUNDARY CONDITIONS 425

origin.t Hence the Hilbert space Il =Ug, intersects the manifold © only in
the origin.

To prove the final assertion of the lemma, we consider an arbitrary ele-
ment g of , which satisfies the equation (g, f) =0 for all f in D(R*) such that
R*f is in R61U; if R has range , and R-! exists, then R~g is defined and
(R7'g, R*f) =0 for all R*f in f&U. But if R! exists and has domain &, it
follows also that R* has range ¢, and thus R(R*) ofoU. Hence Rg is in
®-U and thus R-'g=0. Consequently g=0, and the proof is complete.

LemMA 4.3. Let Q be a unitary transformation in a Hilbert space ® such that
Q*+1=0; and let the characteristic manifolds &+ and & of Q, for the charac-
teristic values +1 and —1, respectively, both be Hilbert spaces. Let D be an un-
bounded nonnegative definite self-adjoint transformation in & such that D! exists
and D=QD-1Q. Then there exists a maximal Q-symmetric manifold N in ,
with the following properties:

(1) Nis in D(D) and DN has a maximal Q-symmetric closure;

(2) for each cardinal number m on the range 1 <m <V, there exists in N
a closed linear Q-symmetric manifold N, which has the Q-deficiency index
(m, m+p) or (m+p, m) according as (0, p) or (p, 0) is the Q-deficiency index
of W, while DN, has the same closure as DN.

Let 1 be the range of E(1 —0), where E(\) is the resolution of the identity
in 2 associated with D, and let D, be the transformation induced in U by D.
Then Di?! exists, Il is Q-symmetric, and in QU, D =0QDiQ,, by Theorem 3.5.
By the same theorem, D is equal to I in 2&(U1+QU), and hence Di! is-un-
bounded since D is. Therefore D(Di?) is dense in U, but not identically 1.
Applying Lemma 4.2, we determine a Hilbert space 1, in Ul such that
D(DiY) -U=9. Then, by the second paragraph of the same lemma, D(1S11,)
is dense in U. Hence, if U, is any closed linear subspace of 1l,, with dimension
number m, D(1S1,) is dense in . Now let N be an arbitrary maximal
Q-symmetric extension of 11, and let ;= (U6, + (NSN). Then, since NRSU
is in the manifold L& (N+QON), where D=1, it follows that DN and DN,
both have the closure 9%t. As N, evidently has the Q-deficiency index stated
in the lemma, the proof is complete.

LeEMMA 4.4, Let &, &+, 8-, Q, and D be as in Lemma 4.3. Let m be an drbi-
trary cardinal number on the range 0 <m <N,. Then there exists a maximal
Q-symmetric manifold N in D(D) such that DN is a closed linear Q-symmetric
manifold with the Q-deficiency index (m, m~+ p) or (m+p, m) according as (0, p)
or (p, 0) is the Q-deficiency index of N.

t Von Neumann, Journal fiir die reine und angewandte Mathematik (Crelle), loc. cit.
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Let Ul and D, have the same meanings as in the proof of Lemma 4.3. Let
V be the isometric transformation with domain in 2+ and range in £-, such
that U=R(I—V). Then it is readily shown that D, determines a unique
bounded self-adjoint transformation Dy in ©(V), such that for each A+ —Vhi+
inU,
D(k+ — Vk*) = Dokt — VDoh*

Moreover, D, has the same bound, 1, as Dy, and Dg! exists and is unbounded
because Di! is unbounded.

Therefore, applying Lemma 4.2, we can determine a bounded closed con-
traction C of D, such that D(V)©D(C) has the dimension number m,
(0=m=N,), and such that R(C) is dense in D(V). Hence C-!, which exists
because Dg! does, is a closed symmetric transformation in D(V), and
R=[(CY)*C1]12 is a self-adjoint transformation with the same range as
(CY*. Since Dst2C-! and Di'l=(Dsh)*, it follows that Dg'S(C-1)* and
hence that (C—1)* has range identically (V). Thus R has range D(V) and
domain R(C).t Consequently as R is self-adjoint, R~! exists.

Now consider the set 0N, of all elements of & which can be written in the
form

(I 4+ iRkt — V(I — iR k.

Since I+iR'=i(R'—iI), and R! is self-adjoint in D(V), (I+4R-?) has
range identically D(V) and N, is precisely the set of all elements of € which
can be written in the form
kt — V(I — iR + iRk,

where kt is in D(V). But (I —iR)(I+iR')! is evidently a unitary trans-
formation in D(V) and thus V(I —iR1)(I+iR')-! is an isometric transfor-
mation with domain D(V) and range R(V). Hence N, is closed Q-symmetric,
by Theorem 2.2.

Next, let % be any maximal Q-symmetric extension of R%,. Then RSN,
belongs to the manifold where D=1 and thus is in D(D). Furthermore, every
element

(I + iRk — V(I — iRV K+

of M, can be expressed in the form
(B — VIY) + i(R-B+ + VR-EY).
But R+ is in the range of D, by definition of R7! and R-'A+*—VR-ih* is

1 Murray, Theorem 1.24.
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thus in the range of D,. Hence, since R(/+V)=QN and since, in QN,
D=0QDi'Q, it follows that R71A++ VR 1kt is in D(D). Hence N is in D(D).
Moreover, D9t and DN, are easily shown to be linear Q-symmetric.

Now, to determine the Q-deficiency index of D0, we again take account
of the fact that R, is in U+QU=D(V) +R(V). Since this manifold reduces D,
DN, also belongs to it; moreover, SN, reduces D since it belongs to
L (®(V)+R(V)). Consequently, there exists a unique isometric transforma-
tion X with domain in D(V) and range in R(V) such that DN, =R{T —X);
and the Q-deficiency index of DN, is precisely (n, g+ p) or (n+p, ¢), where n
and g are the dimension numbers of D(V)©D(X) and R(V)SR(X), respec-
tively, according as (0, p) or (p, 0) is the Q-deficiency index of RN. Further-
more, DN is closed if and only if DN, is closed and DR, is closed if and only
if X is closed.

Thus to complete the proof it remains only to be shown that X is closed
and that D(V)©D(X) and R(V)©R(X) both have the dimension number m.

To determine X, we begin by analyzing further the manifold DR, using
the resolution

ht — Vit 4+ i(R~h+ + VR hY)
for an element of N,. Since

D(k+ — Vht) = Doht — VDoht
and

iD(R-1h+ + VR-1h%) = i(DF R+ + VD§'R-1k¥),
every element of D0, can be written in the form
(Do + DGR+ — V(Do — iDF'R-V) k.

Conversely, every element of this form is easily shown to be in D0R;. Thus,
since (Do+iDg 'Rkt is in D(V) and V(Do —iDg 'Rkt is in R(V), it fol-
lows that

D(X) = R(Do + DF'R™)
and that
X(Do + iDF'RY) i+ = V(Do — iDF' R+,
Hence, as (Dy+iDg*R™)! is readily shown to exist,
X = V(Do — iDF'RY) (Do + iDg 'R,

or, by straightforward algebraic calculation,
= — V(Di'RDg! + «I)(Dy'R™'Dg! — 1),
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and
— V-1X = (D7'R'Di' + iI)(Dgy*R™'Dgt — 1)L,

We now recall that Ds! has range D(V) and that R-! has domain D(V),
while D(R) =R(R) is in D(DgY). Thus, it is evident that Dg'R-1D¢! is sym-
metric because its domain is dense in D(V), and Dg?! and R-! are both self-
adjoint. Furthermore, —V-1X is the Cayley transform of Ds'R-'Ds! from
the equation at the end of the preceding paragraph. Therefore, X is closed
if and only if Dg'R'Dg! is closed and, if X is closed, the dimension numbers
of D(V)oD(X) and R(V)SR(X) are » and ¢, respectively, where (n, ¢) is
the deficiency index of Ds'R'Dgs!. Consequently, we can complete the proof
by showing that Dg1R-'Dg? is closed and that its deficiency index is (m, m).

To prove the first we begin by observing that

R(Ds'R-'Di!) = D7'D(R)

is a closed linear manifold by definition of R. We next observe that Dg! and
R-1 are positive definite, each with lower bound 1; in consequence, we have

(DF'R-'Di'kct, bY) = (R-'Dg 'k, Di'kY) = (Di'h*, Ditht) 2 | it |2.

Thus Ds'R-1Dg? is positive definite with lower bound greater than or equal
to 1. Hence it is easily shown that (Dg'R-'Dg?')~! exists and is bounded. But,
as we have already pointed out, D7*R~'Dg* has a closed range; hence its in-
verse is closed and in consequence Dg'R~1Dg! itself is closed.

We have now only to show that the deficiency index of Dg'R-'Dg?! is
(m, m). Let us suppose that the deficiency index of Dg'R-1Dg? is (n, n); that
it is of this form follows from the fact that Dg'R-1Dg! is positive definite.
Also from this fact, it follows that Dg'R—'Dg! has a self-adjoint extension T
with bounded inverse; indeed, T may be chosen with the same lower bound,
1, as D7'R-1D¢!. Furthermore, from Theorems 4.2, 2.8, and 2.2, it is readily
deduced that # is the dimension number of

B(T) © BD7'R'DiY).

But from the fact that 7-! and (Ds'R-1D¢')! both exist and are bounded,
it follows by a straightforward argument that

B(T) © B(D7'R~'Ds?)

and

R(T) © R(D'R~'Dg?)

have the same dimension number. Moreover, R(D¢'R1Ds') =D(C) by defi-
nition of R, and R(T)=D(V), since T is self-adjoint in D(V), with T!
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bounded. Thus, since D(V)©D(C) has the dimension number m by choice
of C, n=m and the proof is complete.

THEOREM 4.13. Let A be an unbounded reduction operator for H*. Then
there exists a maximal isometric transformation V from M+ to M~ with the fol-
lowing properties: (1) the boundary condition Af e R(I — V) is nondegenerate and
H(V) is maximal symmetric; (2) for an arbitrary cardinal number on the range
1 =m =Ry, there exists an isometric transformation Vi from I+ to MM~ such that
Vo=V and such that H(Vy) has the deficiency index (m, m+p) or (m+p, m)
according as (0, p) or (p, 0) is the deficiency index of H(V).

Let B=(4*4,)2. Then 4,=XB where X is isometric with domain
B++B~ and range M.t Applying Lemma 4.3, and the fact, stated in The-
orem 3.6, that B=(QB-!Q"!, we conclude that there exists a maximal
Q-symmetric manifold N in B++PB~ with the following properties:
NeDB)=D(4) and BN has a maximal Q-symmetric closure; N> Ny,
where 9, is closed linear Q-symmetric with Q-deficiency index (m, m+p)
or (m+p, m) according as (0, p) or (p, 0) is the Q-deficiency index of 9, and
B9, has the same closure as BRN.

Furthermore, since, by Theorem 3.3, X8+=9M~ and XB— =M+, it is clear
that XBN =A N has a maximal W-symmetric closure and that XBRN;=AN,
has the same closure as AN. Now let V, and V, be the isometric transforma-
tions from M+ to M~ which correspond to AN and AN,, respectively, in
accordance with Theorem 2.2, and let V=V,. Then V is maximal isometric
from I+ to M- and V,=V, since (AN,) =R — V). Moreover, H(V) and
H (V1) have for their graphs 8+ 9 and 8+ N,, respectively. Hence, by Theo-
rem 4.2, H(V) is maximal symmetric and H(V;) has the deficiency index
stated in the theorem. Thus, since the boundary conditions Af ¢ R(I —V),
Af e R(I—V,) are obviously nondegenerate, the proof is complete.

THEOREM 4.14. Let A be unbounded. Then there exists a maximal isometric
transformation V from M+ to M~ with the following properties: (1) the boundary
condition Af ¢ R(I—V) is nondegenerate and H(V) has a maximal symmetric
closure; (2) if m is an arbitrary cardinal number on the range 1 <m <N, and V
has the W-deficiency index (0, p) ((p, 0)), there exists an isometric transforma-
tion Vy, VicV, with W-deficiency index (m, m+p) ((m~+p, m)) such that the
boundary condition Af ¢ R(I —V,) is nondegenerate and such that H(Vy) =H(V).

Let B and X have the same meanings as in the proof of Theorem 4.13.
Then B-1=QBQ. Let N be a manifold in D(B-') which satisfies the condi-
tions of Lemma 4.3 with D=B-'. Then X% is clearly maximal W-symmetric

1 Murray, Theorem 1.24.
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in M, and if N, has the same meaning as in Lemma 4.3, (2), then XN, has the
W-deficiency index (m, m+p) or (m+ p, m) according as XN has the W-defi-
ciency index (0, p) or (p, 0). Furthermore, 3% and N, both belong to the range
of B; hence XN and XN, belong to the range of 4. Therefore the boundary
conditions Af e X9, Af e XN are nondegenerate.

Now let V and V, be the isometric transformations from 9+ to M~ cor-
responding to XN and XN, in accordance with Theorem 2.2. Then H(V)
and H(V,) have for their graphs 8+ BN and B+ BN, respectively. Fur-
thermore, by Lemma 4.3, B—'t and B0, have the same closure and the
latter is maximal Q-symmetric in 8++%3~. Hence, by Theorem 4.2, H(V) is
maximal symmetric. Thus, since X0 is maximal W-symmetric, V is maximal
isometric from M+ to M~, and V and V, have the properties described in
Theorem 4.14.

In view of Theorem 4.14, the role of the condition (2) of Theorem 4.10
is now more clearly indicated.

THEOREM 4.15. Let A be an unbounded reduction operator for H*. Let m
be an arbitrary cardinal number on the range 0=m=N,. Then there exists a
mazximal isometric transformation V from MM+ to M~ with the following proper-

- ties:

(1) the boundary condition Af € R(I —V) is nondegenerate;

(2) H(V) is closed with the deficiency index (m+p, m) or (m, m+p) ac-
cording as (0, p) or (p, 0) is the W-deficiency index of V;

(3) for every maximal symmetric extension S of H(V), Sa=H(V), where
S4 has the same meaning as in Theorem 4.5.

Again, let B have the same meaning as in the proof of Theorem 4.13; as
we have already noted, B-=QBQ~'. Hence, by Lemma 4.4, there exists a
maximal Q-symmetric manifold R in D(B~?) such that BN is closed linear
Q-symmetric with Q-deficiency index (m, m+p) or (m+p, m) according as N
has Q-deficiency index (0, p) or (p, 0). Furthermore, if 4 =X B, the relations
Mt =XPB~, M~=XB+ imply that XN =4 (B-'N) has the W-deficiency index
(p, 0) or (0, p) according as N has the Q-deficiency index (0, p) or (p, 0).

Now let V be isometric from MM+ to M- such that XN=R( — V). Then,
by definition, the W-deficiency index of V is the same as that of X0. More-
over, the graph of H(V) is precisely 8+ 47 XN =B+ B~ N. Thus, by Theo-
rem 4.2, H(V) is closed with deficiency index (m, m-+p) or (m-+p, m)
according as (p, 0) or (0, p) is the W-deficiency index of V, and the boundary
condition Af e (I —V) is obviously nondegenerate.

We are therefore left to prove only that H(V) has the property (3). To do
this, we consider an arbitrary maximal symmetric extension .S of H(V) and
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the transformation S, described in Theorem 4.5. Then AB(S4) is obvi-
ously a linear W-symmetric manifold in 9; moreover, AB(S4) 2 AB(H(V))
=RUI—V)=N. But N is maximal W-symmetric; therefore we must have
AB(S4) =N, which is possible if and only if S,=H(V). Thus the proof is
complete.

We thus see that the condition that ¥V be maximal isometric from M+ to
M- is not sufficient either for H(V) or for A(V) to be maximal symmetric,
even when the additional restriction that the condition Af e R(I — V) be non-
degenerate is imposed. It is therefore natural to ask what properties H(V) has
under these circumstances. Without giving the proofs, we shall merely set
down the following observations which the reader may verify: If V is maximal
isometric from M+ to M~ with W-deficiency index (0, p) ((p, 0)), if R(I~V)
belongs to R(4), and if X denotes the isometric transformation from B+ to
¥~ such that v

RUI — X) = @+ B)-BEHW);

then R(X—-G) 2B+ (R(X1—G*) 2984, G having here the same meaning
as in Theorem 3.11; conversely, if X is a closed isometric transformation from
B+ to B~ such that D(4) - R{I —X) has R(I—X) for its closure and if
RX—-G) 28+ (R(X1—-G*)28B4), then 4[D(4)-R(UI—X)] is a maximal
W-symmetric manifold 9 in I with W-deficiency index (0, p) ((p, 0)). The
reader will note that this proposition constitutes a slightly modified analogue
of Theorem 4.8. In precisely the same sense, one can formulate valid ana-
logues of Theorems 4.9-4.12.

We shall now show that the condition'that V be maximal isometric from
M+ to M- and that Af e R(I — V) be nondegenerate, is unnecessary as well as
insufficient for either H(V) or H(V) to be maximal symmetric.

THEOREM 4.16. Let A be an unbounded reduction operator for H*. Let m be
an arbitrary cardinal number on the range 0 <m <N ,. Then there exists a maxi-
mal symmetric extension S of H with the following properties:

(1) B(S) eD(4);

(2) AB(S) is a closed W-symmetric manifold in M with W-deficiency index
(m—+p, m) or (m, m+p) according as S has the deficiency index (0, p) or (p,0);

(3) if N is an arbitrary W-symmetric manifold in M such that N > AB(S),
the boundary condition Af ¢ N is degenerale.

Again we introduce the transformation B used in the proof of Theorem
4.13. Then, in accordance with Lemma 4.4, there exists a maximal Q-sym-
metric manifold Ul in ©(B) =D(A4,) such that Bll is closed and has the Q-defi-
ciency index (m+p, m) or (m, m+p) according as (0, p) or (p, 0) is the
Q-deficiency index of U. Thus 8+U is the graph of a maximal symmetric
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extension S of H and the deficiency index of S is the Q-deficiency index of U,
by Theorem 4.2; moreover, B(S) =B+UcD(4).

Now let X be the isometric transformation from $++93- to M such that
A=XB. Then, as we know, X8+= -, X8~= M+, and W=XQX-1. There-
fore XBU=AU=A%B(S) is closed and has the W-deficiency index (m, m-p)
or (m+p, m) according as (m—+p, m) or (m, m+p) is the Q-deficiency index
of BN, and consequently according as (p, 0) or (0, p) is the deficiency index
of S. Thus S has the properties (1) and (2) of the theorem.

Now let 9 be a W-symmetric manifold in I such that AB(S) € N. Then,
clearly H(9)2 S and, since S is maximal symmetric and H() symmetric,
this is possible if and only if H(N)=S. Thus R(4) - N=AB(S) while AB(S)
is closed, and therefore the boundary condition Af ¢ N is obviously degener-
ate, so that S satisfies (3).

Finally, to conclude this section, we prove a theorem which establishes
unequivocally that the dependence on the operator A of the conditions given
in Theorems 4.8, 4.9, and 4.11 is not in any sense superficial.

THEOREM 4.17. Let I be an arbitrary Hilbert space, and let M+ and M-
be Hilbert spaces in M such that MM+ =IMN—. Let W be the linear transforma-
tion in I such that W =1l on M+, W= —il on M~. Let H be a closed linear
symmetric transformation in a Hilbert space O, with deficiency index (Ro, No).

Then, if V is an arbitrary closed isometric transformation from IN* to M-,
there exists a reduction operator C for H*, with range-space M and associated
unitary transformation W in I, such that the boundary condition Cf e R(I —V)
is nondegenerate and defines a linear symmetric extension of H which is not
maximal and does not have a maximal closure. The operator C can be constructed
so as to be either of type I or of type II.

If D(V) has the dimension number Ry, there exists a second reduction opera-
tor D for H*, with range-space M and associated unitary transformation W in
M, such that the boundary condition Df ¢ R(I — V) is nondegenerate and defines
a maximal symmetric extension of H. Here D can be chosen either of type 1 or

of type II.

Our proof of this theorem requires that we first review the proof of Lemma
4.4, in order to take account of certain facts which are implicit there and
which, for present purposes, must be formally stated. We observe first that
the manifold N specified in the lemma is in the proof determined as an arbi-
trary maximal Q-symmetric extension of a Q-symmetric manifold %, in & P,
where P is the manifold in which Q=1I; and that R, is hypermaximal Q,-
symmetric in 6 %P, where Q, is the contraction of Q with domain LS.
Accordingly, if the transformation D of Lemma 4.4 is such that B-&+=9O
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while -2 has dimension number p, then Rt has Q-deficiency index (0, p).
Similarly, if $-2 =9, while P2+ has the dimension number p, then N has
the Q-deficiency index (p, 0). Furthermore, if B-2+ and $-2~ both have the
dimension number N, then N can be chosen with arbitrary Q-deficiency in-
dex (0, p) or (p, 0). These facts we hold in reserve for application later.

Now let V; be an arbitrary maximal isometric extension from IR+ to I~
of the transformation V of the theorem to be proved, and let V, have W-defi-
ciency index (0, p) ((p, 0)); further, let 4, be a nonnegative definite self-
adjoint transformation in $++%8B-, such that 4,=04:'Q!, where 8+, 8-,
and Q have the usual meanings, with reference to the transformation H of
Theorem 4.17. Then, by Theorem 3.1 the linear transformation 4 with do-
main B(H) +D(4,), which is equal to 0 on B(H) and to 4; on D(4,) is a re-
duction operator for H*. We consider two distinct cases: (1) 4 is unbounded
of type I with characteristic index (p, 0) ((0, 9)); (2) 4 is unbounded of type
II and the intersections of $+ and B~ with the manifold P on which 4,=1
are both Hilbert spaces. Since H has deficiency index (No, No), the results
of Chapter III, §2 assure the existence of reduction operators 4 satisfying
either requirement.

We now apply Lemma 4.4 to establish the existence in D(41?) =R(4,)
of a maximal Q-symmetric manifold 0 such that 4710 is closed linear Q-sym-
metric but not maximal; here we of course employ the relation Ai'=0Q4,0.
Moreover, taking account of the paragraph immediately following Theorem
4.17, we see that under case (1) of the preceding paragraph, 9 has the Q-defi-
ciency index (p, 0) ((0, p)), while under-case (2), % can be chosen with the
same (Q-deficiency index. In the latter case, we assume that 9 is so chosen.

Applying Theorem 2.2, we next introduce the isometric transformation U
from B+ to B~ such that R=R(I — U). Then U has, under either of the cases
(1) and (2), the Q-deficiency index (p, 0) ((0, p)). Thus, by definition,
B-oR(U) and B+oD(U) have the same dimension numbers as M+SD(V,)
and M- R(V,), respectively. Consequently, D(U), R(U), D(V1), and R(V,)
being Hilbert spaces, we can define an isometric transformation ¥ with do-
main $++ 8B~ and range M such that YB-=M+, YB+=M~, YR(U) =D(V4),
and YO(U) =R(V,). Thus YR=RT - V).

But, by Theorem 3.3, C=Y 4 is a reduction operator for H*, with range-
space M, and associated transformation W in M, since YQ—1¥Y—! is evidently
identical with W. Furthermore, the condition Cf e R(I — V) clearly defines the
same symmetric extension of H as the condition Af e R(I — U), that is, the ex-
tension S whose graph is 8+4'N; and S is clearly closed linear but not
maximal, since A7*N is a closed linear manifold and not maximal Q-symmet-
ric. The argument here is, of course, essentially that used to prove Theorem
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4.15. Hence, the condition Cf ¢ R(I — V) defines an extension T of H which
does not have a maximal symmetric closure, since we obviously have <.
Moreover, since R(I—U) e R(4), we have

RAT - V)ERUT — V1) cR(O),

so that the condition Cf ¢ R(I — V) is nondegenerate. Finally, since we have
shown that 4 can be either of type I or type II, C can be of either type also,
by Theorem 3.16. Thus the first portion of the theorem is completely proved.

We turn now to the second, and denote by (%, ¢) the W-deficiency index
of V. For purposes of simplification, we assume #2g; the alternative possi-
bility can be discussed along lines entirely similar to those which we pursue
in this case. ‘

Setting p =#—gq, we apply Theorems 3.5 and 3.6 to construct a reduction
operator A for H* such that 4, is a nonnegative definite self-adjoint trans-
formation in $++ B~ and such that the manifold on which A4;=1 is a linear
manifold in 8~ with dimension number . We then apply Lemma 4.4 and the
facts stated in the paragraph immediately following Theorem 4.17 to deter-
mine a maximal Q-symmetric manifold 9% in $++ B~ such that 4,0 is closed
linear Q-symmetric with the Q-deficiency index (g, p+¢).

Next, we introduce the isometric transformation U from 8+ to 8- such
that 4, =R(I—U). Then, by definition, B+&D(U) and B~oR(U) have
the dimension numbers ¢ and p-+q=mn, respectively. Consequently, there ex-
ists an isometric transformation ¥ from $++ 9B~ to M such that

Y@+t =M, ¥B =M+, YOWU) = RWV), YR) =D(V).

Thus YR(I-U)=RIT V).

But, again by Theorem 3.3, D=Y A is a reduction operator for H*, with
range-space M and associated transformation W in I%; furthermore, R(I — V)
clearly belongs to %(D), so that the boundary condition Df e R(I — V) is non-
degenerate. Therefore, since this boyndary condition obviously defines a sym-
metric extension S of H with graph 8+ % and R is maximal Q-symmetric,
the first assertion of the second paragraph of the theorem now follows at once
from Theorem 4.2. Finally, since it is evident from Theorem 3.13 that 4 can
be chosen either of type I or of type II, subject to our previous conditions,
we conclude from Theorem 3.16 that D can be of either type.

6. A special class of boundary conditions. From Theorem 4.17 we of
course conclude that the general result of Theorem 4.8 admits of no effec-
tive simplification. Consequently, in dealing with any particular concrete un-
bounded reduction eperator 4, one would naturally look for special properties
of A which might lead to less general but more readily applicable results. In
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this connection, both for its illustrative value and its usefulness in connection
with certain applications of the theory here developed, we now consider a
specialization of the general situation which we have heretofore been studying
and subject it to study by methods of a quite different sort from those em-
ployed in §4.

We require a preliminary lemma.

LeMMA 4.5. Let R be a transformation in a Hilbert space R, with at least
one point p in its resolvent set, and let (R —uI)~ be totally continuous. Then, if T
is an arbitrary bounded transformation in ® and ) belongs to the resolvent set
of R+T, (R+T—N\I)! is totally continuous. In particular, (R—NI)™! is
totally continuous for every point \ in the resolvent set of R.

We consider an arbitrary set 1 in R(R+7T —\I) =%, Y being in the resol-
vent set of R+ 7. Then, if u is in the resolvent set of R,

DR —pul) =DR+ T —N) =R(R + T — \)™)

and

(R4+T =AD" = (R — ul)"(R— u)(R+ T — \I)-11

=R—-p)?[(-T+ON=wDR+T—N)"'+I]U.
Now suppose U is a bounded set. Then, since
(- T+ Q= wDR+T -]
is a bounded transformation,
[(-T+ QA =wDR+T -\ + 11

is a bounded set. Thus, if (R —uI)~!is totally continuous, it follows from the
above equation that (R+7 —XI)~lis compact. Thus (R+ 7T —\I)-!is totally
continuous, as we wished to show. Since, in particular, we can take T'=0,
the last statement of the lemma follows immediately, and the proof is com-
plete.

THEOREM 4.18. Let H have the deficiency index (n, n), and let A be a reduc-
tion operator of the sort described in Theorem 3.17, with range-space LD L. Let
S be the self-adjoint transformation in D @R which corresponds to A in accord-
ance with Theorem 3.17. Let D;* be the set of elements f of D* such that {f, H*f}
is in D(A), and let N and M be the operators, each with domain D and range
in R, such that Nf=h and Mf=Fk if and only if A{f, H*f} = {h, k}. Then
N and M are linear transformations.

If S has a totally continuous resolvent and L is an arbitrary bounded self-

adjoint transformation in L, then the boundary condition Af & B(L), that is, the
requirement Mf=LNf, defines a self-adjoint extension of H.
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The assertion concerning M and N is evident.

To prove the remainder of the theorem, we denote by L, the transforma-
tion with domain $ @8 which is equal to O in § and to L in &, and assume that
S has a totally continuous resolvent. Then L, is clearly a bounded self-adjoint
transformation in §PL and it is readily shown that S—L, is self-adjoint.
Moreover, by Lemma 4.5, S— L, has a totally continuous resolvent; and it
can therefore be shown that the range of S — L, is the orthogonal complement
of its manifold of zeros.

Therefore, in particular, the equations H*f=f* Mf— LNf=0 have a solu-
tion fin D;* for every f* in $SU, where U is the manifold of elements g of D¥
such that H*g=0, Mf— LNf=0. But, by definition, every element f of D¥
such that Mf—LNf=0 belongs to the domain of H(B(L)), where we have
reverted to the notation of Definition 1.2; and H(B(L)) is symmetric, by
Theorems 1.5 and 2.7. Moreover, from the result of the preceding paragraph,
the range of H(B(L)) is the orthogonal complement of its manifold of zeros,
which we have denoted by 1. Thus Il and $U reduce H(B(L)); in U,
H(B(L)) induces the self-adjoint transformation O; and, in U, H(B(L))
induces a transformation whose range is $©U and which is therefore self-
adjoint. Thus H(B(L)) itself is self-adjoint in § and the proof is complete.

The reader may observe that H(8B(L)), being related very simply to a con-
traction of S —L,, has itself a totally continuous resolvent and thus a pure
point spectrum; we refrain, however, from discussing questions of this sort
here, but rather reserve them for separate consideration elsewhere.

The hypothesis that .S has a totally continuous resolvent which appears
in Theorem 4.18 is more restrictive than is, in fact, necessary. For it imposes
a restriction on the behavior of the transformation H itself, and this can evi-
dently have no effect on the behavior of the transformation A. However, both
the statement and the proof of the more general theorem which is possible
are considerably more involved than those of the one which we have given;
and, in all of the realizations which we have investigated, Theorem 4.18 ap-
plies whenever the more general result does. (In particular, this remark applies
to Example 4 of the first chapter; the reduction operator 4 described there
satisfies the hypothesis of Theorem 4.18.)

We have therefore refrained from giving the more general result here and
also from investigating further along lines suggested by Theorem 4.18 and
the fact already noted that every equivalence class of reduction operators
contains, when H has deficiency index (n, n), operators of the sort described
in Theorem 3.17: investigations in this direction and other similar ones must
be guided to some extent by the nature of possible applications, of which we
have at present studied only a few.
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7. Real boundary conditions. If the transformation H is real with respect
to a conjugation J, in §, then H* is real with respect to J, also and H has
deficiency index (#, 7).t In such a situation it is frequently important to de-
termine those maximal symmetric extensions of H which are real with respect
to Jo and which are consequently self-adjoint. For the special case that 4 is
the reduction operator of Theorem 2.9, this problem has a simple solution
which is known;{ we consider here a more general case.

THEOREM 4.19. Let H be real with respect to a conjugation Jo in O, and let J
be the transformation in DD which takes {f, g} into {Jof, Jog}. Then, in ac-
cordance with Theorem 2.14, J permutes with Q in B++B~ and B* is real with
respect to J.

Let A be a reduction operator for H* | let D(A) be real with respect to J, and let
J1be a conjugation in therange-space M of A suchthat AJ {f, H*f} = J,A {f, H*f}
for every {f, H*f} in D(A). Then J, permutes with W.

Let V be an arbitrary closed isometric transformation from M+ to M~ such
that the boundary condition Af ¢ R(I —V) is nondegenerate. Then H(V) is real
with respect to Jo if and only if R(I=V) is real with respect to J, or, equiva-
lently, if and only if V=J\V-1Jy. Thus, if V=J,V-LI,, then H(V) has defi-
ciency index (n, n); consequently H(V) is self-adjoint if it is maximal symmetric,
essentially self-adjoint if H(V) is maximal symmetric.

As we have noted in the statement of the theorem, the assertions of the
first paragraph are consequences of Theorem 2.14.

We now prove that J, permutes with W. Let {f, H*f}, {g, H*g} be arbi-
trary elements of D(A4,). Then

(da{f, B}, IhoWAw{g, H*g}) = (Au{f, H*f}, WA.{g, H*g})
- ({f’ H*f}’ Q{g» H*g}),

where the last inner product is formed in $® 9. But

({f, B*f}, 0lg, H*g}) = U {f, H*f}, QT {g, H*g}),

since J permutes with Q; and

J{f, H*f}, 07 {g, H*g})

— (AT {f, H*f}, WAL {g, H*g})

= —(J A {f, H*f}, WT4:{g, H*g}).
Thus we have

(4 {f, B}, T.WA {g, H*g})

(JlAl{f: H*f}) WJIA{g’ H*g})

t Stone, Theorems 9.13 and 9.14.
1 Stone, pp. 362-364.
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for all {f, H*f}, {g, H*g} in D(4,). But J:4,D(4,) is dense in M and hence
J[WAl{g, H*g} = WJlAl{g, H*g}

for all {g, H*g} in D(4). Therefore J;W =W.J, on R(4). But F(4) =M,
while J;W and WJ, are continuous. Consequently J,W =WJ,, as we wished
to prove. ,

Now let V be the transformation described in the last paragraph of the
theorem. We note first that H(V) is real with respect to J, if and only if its
graph is real with respect to J; furthermore, 8 is clearly real with respect to J,
since H is real with respect to J,. Hence, setting

B(H(V)) = BEH(V))- (B + B),

we conclude that H(V) is real with respect to J, if and only if B,(H(V))
is real with respect to J; and thus, by Theorem 2.12, if and only if
JB.(H(V))=B:.(H(V)).

We shall now show that the latter equation holds if and only if
RI—V) is real with respect to Ji, beginning with the observation that
J1A:B.(H(V)) =A,JB.(H(V)). Hence, if JB.(H(V))=8B:(H(V)), we must
have J14:8:(H(V)) =A4.8,(H(V)), and the latter implies that 4,8:(H(V))
is real with respect to J;, by Theorem 2.12. Hence, since #=R(I —V) is the
closure of 4:8B:(H(V)), N is real with respect to J;, again by Theorem 2.12.
On the other hand, suppose #=R(I —V) is real with respect to J1. Then,
since J14 {f, H*f} is in R(4) for every {f, H*f} in D(4), R(4) is real with
respect to J; and therefore - R(4) is also. But

ATIR-R(A4)] = BLUH(V))
and
AT R-R(A)] = ATV [R-RA)] = JAT[R-R(A)].

Consequently JB,(H(V)) =8B:(H¥)).

Thus, combining the results of the two preceding paragraphs, we con-
clude that H(V) is real with respect to J if and only if R=R(I —V) is real
with respect to Jy; and, as we have already shown that W permutes with J,,
the equivalence of the condition that 9t be real with respect to J and the con-
dition V=JV-1J follows from Theorem 2.13.

We are thus left to prove only the assertions of the final sentence in the
theorem. This, however, requires only the observation that H(V) is evidently
real with respect to J, when H(V) is; the statements in question then follow
from the results already established and Theorem 9.14 of the book of Stone
previously cited.
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We point out that the hypothesis of the existence of the conjugation J,
is necessary and does not follow from the reality of H and H*; the hypothesis
is, however, in accord with the situation which exists in the theory of differ-
ential operators. If such an assumption is not introduced, apparently little
of interest can be said concerning those boundary conditions which define
real extensions of H.

Theorem 4.19 has, of course, a special interpretation for the boundary
conditions considered in Theorem 4.18; we leave the formulation of this to
the reader.

8. Formulation of boundary conditions. In developing our theory we have
found it necessary only to use the representations-Af e N, or Af e R(I —V) for
the boundary conditions under consideration. In the applications of the the-
ory, however, different statements of the conditions may be found conven-
ient. We now discuss briefly some of these. We consider an arbitrary
nondegenerate boundary condition Af e N, N being closed linear W-sym-
metric.

If {¢.}, m=1,2,--.,is an arbitrary sequence which determines the
closed linear manifold NS N, the condition Af e N is evidently equivalent to
the conditions (Af, ¢.) =0, n=1, 2,---. Now let {¥} be a complete
orthonormal set in 9%, and let ¢ =2 mlmet¥m, #=1,2, + -+ ; Af =2 mbm(f)¥m,
for each Af in M. Then (Af, ¢n) =2 n@mubm(f). Accordingly, since the se-
quences {b.(f)} are evidently in one-to-one correspondence with the elements
Af in 9, the condition Af e N is equivalent to the conditions ) n@mwbm(f) =0,
n=1,2, ... If M is a Hilbert space, there is, in general, an infinite number
of these equations; if M is unitary, there is only a finite number.

We may point out that the form of representation of the boundary condi-
tions generally used in the theory of ordinary differential equations is pre-
cisely of the sort just described.

Another simple representation of the boundary conditions is a parametric
one. If N is W-symmetric in 9 and V is the isometric transformation from
M+ to M- such that R=R(I —V), we may regard the manifold D(V) as a
space of parameters and define the domain of H(V) as that set of elements f
of D* such that Af is defined and satisfies the equation Af=4—V# for some
k in D(V). In this connection, we observe that we are at liberty to choose
coordinates in MM+ and in M as we please.

Finally, we consider the special case where 4 is a reduction operator of
the kind described in Theorem 3.17. Here, the range of 4 is in a space 8@,
and we can set Af={Nf, Mf}, where Nf and Mf have the same meanings
as in Theorm 4.18. In this case, if N is a closed W-symmetric manifold in
LOL, then by Theorem 2.10, there exists a uniquely determined closed linear
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manifold Ul in € and a uniquely determined Hermitian transformation L in
Lo, such that the condition Af ¢ M is equivalent to the condition
Mf=LNf+k, where % is in U. In particular, the boundary conditions of po-
tential theory are of this form. Moreover, M. Morse has found essentially
this form of representation useful in connection with comparison theorems
for systems of ordinary differential equations of the second order.f In the
terminology of Morse, the space @51 is the “accessory end-plane,” and the
form (k, Lk) the “accessory end-form.”

9. Homogeneous boundary value problems. The theory which we have
developed (particularly the results of Chapter IV, §4) provides information
concerning the solvability of the equation H*f—\f=f* under a restriction
Af e N, where N is a W-symmetric manifold in M. For example, if the bound-
ary condition Af ¢ N defines a self-adjoint extension of H, and if f* is an arbi-
trary element of §, N\ an arbitrary complex such that F(\)>0, then there
exists one and only one element f of ©* such that H*f—\f=f* Af e N.

The theory of differential equations suggests quite naturally that we
should consider, as well as questions of the above sort, problems of the follow-
ing kind: given a linear manifold R in M, to determine an element f of D*
such that H*f—\f=0, EnAf=h, where \ is a complex number and % a pre-
assigned element of 9. We bring this paper to its end with a few observations
concerning such problems.

THEOREM 4.20. Let V be an arbitrary closed isometric transformation from
M+ to M~ such that H(V) is a maximal symmelric extension of H. Let
N=RI—V), and let \ belong to the resolvent set of H(V). Then, for every
element h of an everywhere dense linear manifold in P=MSN, there exists
a solution f of the equation H*f —\f=0 such that Af is defined and EqAf=1h;
if B belongs to the range of A in particular, if A is bounded, then a solution f
exists for every h in B. Moreover, f is uniquely deiermined by h.

To prove this theorem, we note first that if X is in the resolvent set of
H(V), every element g of ©* has a unique resolution of the form g=f,+f,
where f; belongs to D(H(V)) and f is a solution of the equation H*f—\f=0;
to demonstrate this, we have only to set

fr=HZV) = N)"(H* = M), [f=¢g—fu

In particular, every element g such that Ag is defined can be written in this
form and, for such an element, since Af; is defined by hypothesis, Af is also.
Furthermore, for every such g, EgAdg=EgAf, since Af, is in f=MSP.

1t M. Morse, The Calculus of Variations in the Large, American Mathematical Society Col-
loquium Publications, vol. 18, New York, 1934, chap. 4, especially pp. 83-89.
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Therefore, the system H*f —\f =0, EgAf=h has a solution f for every element
kin EgR(4). But R(A4) is dense in M and EgR(4) is therefore a dense linear
manifold in B. Moreover, if P belongs to R(4) (and this is necessarily true
when 4 is bounded) we have EgR(4)=".

“Thus it remains only to prove that the solution f is unique. Let us suppose
that f, and f, are two solutions for the same element % of PB. Then A (fi—f2)
belongs to MS P =N. Thus fi—f; is in the domain of H(V). But

HW)(fi—fo) =Mfi— fa) =0

and M is in the resolvent set of H(V). Hence fi=f,, and f is uniquely deter-
mined by %, as we wished to show.

It is interesting to observe that suitably modified formulations of the
Dirichlet and Neumann problems of potential theory can be described in
terms of the abstract problem considered in Theorem 4.20. Furthermore, the
so-called boundary value problem of the third kind is closely connected with
a problem of this sort, as the following theorem suggests:

TrEOREM 4.21. Let A be a reduction operator of the sort described in T heo-
rem 3.17 with range-space L@ L, and let M and N have the same meanings as in
Theorem 4.18. Let L be a bounded self-adjoint transformation in &, and let the
boundary condition Af ¢ B(L) be nondegenerate and define a maximal symmetric
extension of H. Then if \ is in the resolvent set of the extension so defined, the
System

H*f — N\ =0, LNf— Mf="F
has a unique solution f for every element k of an everywhere dense linear manifold
in L.
According to Theorem 4.20, the system
H* — N =0, Eg{Nf, Mf} = {r, s}

has a unique solution f for every element {7, s} in a dense linear subset of B,
where P=(2dLSB(L). Since L is self-adjoint, in the second equation
above, we can set 7 =Lk, s= —h. Then {Nf, Mf} = {Lh, —h} + {t, Lt}, where
¢ is some element of . Thus

LNf = Lh + Lt, Mf= — hk+ Lt.
Therefore LNf—Mf=(L?*+1I)k. Thus the solution f of the system
HY =N =0,  Eg{Nf, Mf} = {Lh, — h}

is also a solution of the system
H*f — N\ =0, LNf— Mf=k,
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with &= (L?+I)k. Conversely, it is easily shown that a solution f of the second
system determines a solution of the first, again with 2= (L2+1I)k. Therefore,
since the equation k= (L?+1)k is readily shown to determine a one-to-one
linear bicontinuous correspondence between the elements % of € and the ele-
ments {Lk, —h} of P, the theorem follows.

If, in particular, the transformation S in $ @, associated with 4 by
Theorem 3.17, satisfies the hypothesis of the second paragraph of Theorem
4.18, we are able to attack questions of the sort considered in Theorem 4.21
by methods similar to those used in proving Theorem 4.18.

THEOREM 4.22. Let A, &, M, N, and S have the same meanings as in T heo-
rem 4.18, and let S have a totally continuous resolvent. Let L be an arbitrary
bounded self-adjoint transformation in R, and let T be the extension of H deter-
mined by the boundary condition Af e B(L); that is to say, by the condition
LNf=M{f. Let \ be a real number, and let (T —NI)~! exist. Then the system

H¥ =\ =0, Mf—LNf=nh
has one and only one solution f for every h in L.

In view of Theorem 1.3, it is sufficient to prove the theorem for the case
A=0.

Again we introduce the transformation L, used in the proof of Theorem
4.18. Then, since S — L, has a totally continuous resolvent, it is a simple task
to show that the origin is either in its point spectrum or its resolvent set; we
omit the details. Since T! exists, it is clear that the origin cannot belong to
the point spectrum of S —L,; therefore, it belongs to the resolvent set. Ac-
cordingly, the equation (S—Ly) {f, ¢} = {0, #} has a unique solution {f, %}
in @ L for every & in L. Consequently, since f is then a solution of the system
H*f=0, Mf—LNf=h, the proof is complete.

To conclude, we suggest two simple generalizations, in different directions,
of Theorem 4.22. First, if X is a real number in the point spectrum of the
transformation T, and = N1, where Ul is the manifold of zeros of T, it can
be shown that P has a finite dimension number and that the system

H* =N\ =0, Mf—LNf=nh

has a solution f for every 4 in @& P, but the solution is not unique. Second,
Theorem 4.22 can be extended to cover the case that \ is not real, by taking
account of the fact that the transformation in § ®2 which takes {f, Nf} into
{ H*f —\f, Mf} is normal. We leave to the reader the proof of these assertions.
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